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S.M. Vovk
TWO-STAGE METHOD FOR PARAMETER ESTIMATING
IN UNKNOWN NOISE ENVIRONMENT

Abstract. This paper addresses the parameter estimation problem in the case of an unknown
noise environment. A two-stage method consisting of the tuning and estimating stages is pro-
posed for solving this problem. At the tuning stage, the estimator is tuned to the noise environ-
ment by minimizing the estimation root-mean-square error for a known data fragment in the
space of the three free parameters; these free parameters allow modifying the behavior of the
minimization problem objective function. At the estimating stage, estimation is carried out by
solving the corresponding minimization problem using already tuned free parameters. The fea-
tures of the proposed method, including algorithms for the tuning and estimating stages, are
demonstrated for estimating a Gaussian pulse that slowly moves in the unknown noise environ-
ment and locates on a known constant background. The numerical simulations confirm the high
performance of the proposed method.

Keywords: parameter estimation, cost function, Gaussian pulse.

Introduction. Classical estimation methods use an assumption about the com-
pleteness of data statistics. These methods solve the estimation problem in a noise
environment formed by additive noise with a known distribution. A theoretical basis
of these methods is the maximum-Ilikelihood criterion, where the likelihood function
is a common probability density function to be maximized [1] - [2]. The well-known
results of this theory include the least-squares method and the least-absolute devia-
tion method. These methods obey the assumption that data samples are independ-
ent and identically Gaussian or Laplacian distributed, respectively. The maximum-
likelihood criterion has remarkable achievements related to the myriad and meridian
filterings, which are generalized in [3]. These methods assume that the data samples
are independent and identically distributed according to the Cauchy and Meridian
statistics. They produce the so-called myriad (or Cauchy [4]) estimator and meridian
estimator, respectively. Because of the impulsive nature of the Cauchy and Meridian
noise, these estimators belong to the set of robust estimators.
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Robust estimation methods use the incompleteness of data statistics [5] — [9].
They solve the estimation problem in the noise environment formed by additive
noise and anomalous values. A theoretical basis of these methods is the generalized
maximum-likelihood criterion that does not have a strictly probabilistic sense [7].
For that reason, the corresponding estimators usually are referred to as the “maxi-
mum-likelihood type” estimators or the M-estimators [6]. In contrast to the classical
approach, the robust one requires choosing a cost (loss) function that should keep
the data (inliers) and reject the anomalous values (outliers). The appropriate cost
functions used for these purposes have been proposed by Tukey [6], Hampel [7], An-
drew [8], Meshalkin [9], Geman and McClure [10], Demidenko [11], as well as by other
authors [12] - [13]. Assembling various cost functions into a common set, which we
call the “superset of cost functions,” eliminates the redundancy of well-known cost
functions and provides a wide range of possible solutions, including the mean, me-
dian, myriad, and meridian [14]. The modified version of this superset is given
in [15]. An advantage of using the superset of cost functions is the possibility of tun-
ing the M-estimator to the current noise environment.

The purpose of this paper is to present the two-stage method for parameter es-
timating in the unknown noise environment under the general assumption about the
symmetry of noise distribution. This method uses the generalized maximum-
likelihood criterion and the superset of cost functions. Through this paper, we show
the features and performance of the proposed method by solving the problem of es-
timating a slowly moving Gaussian pulse located on the known constant back-
ground, where a mixture of Cauchy noise and positive outliers simulates the un-
known noise environment.

Problem formulation. Let for a given observation interval X the observed
data g(x) are the sum of a given data model S(x;0), which specified up to a vector

0=(0,,..,0,) of the unknown parameters 0 ,...,0,,, and a random distortion &(X),
which describes the unknown noise environment, i.e.,

8(x) =5(x;0)+E&(x), (1)
where x € X, and M is given. The estimation problem is to obtain the estimates of
0,,...,0,,. Using (1), this problem can be formulated as the optimization problem:

0= argmein Flg(x)—s(x;0)]; xe X, (2)
where F denotes an error functional that defines the estimation quality, and
éz(él,...,éM) is a vector of the estimates él,...,éM for 0,....,0,,. For the discrete

case, the problem (2) has the form:
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~ N
0 =argmin p[g, -s,(0)]; xe X, (3)
n=1

where g, =g(x,), s,(0)=5s(x,;0), x, =n-Ax, Ax is a sampling step size, and N is
a number of data samples on the observation interval X. From (3), it follows that
the value of F is the sum of the values of cost function p(...) for each n-th data
sample, and these values depend on 0 . Since the cost function forms an objective
function to be minimized, the problem of parameter estimation in the unknown
noise environment consists of the problem of choosing the best cost function for the
noise environment and the problem of parameter estimation after the choice of the
best cost function.

Analysis of recent research and publications. A classical approach to the pa-
rameter estimation problem uses two main assumptions. Firstly, it assumes that the
statistical nature of random distortions is known completely. Secondly, it assumes
that each parameter to be estimated takes a single value. Within the framework of
estimation theory, these assumptions dictate the search for a global minimum (or a
global maximum) of an estimation quality indicator. Usually, the unconditional av-
erage risk is taken as this indicator. For a given loss (cost) function, the minimum of
this risk corresponds to a Bayesian estimate. Using the “0-1” loss function and as-
suming that the probability density of the unknown parameter is a constant, its
Bayesian estimate transfers to the maximum likelihood estimate [16]. The latter is
widely used to obtain optimal or suboptimal solutions. For example, under the as-
sumption of Gaussian data distribution, the corresponding maximum likelihood cri-
terion becomes a quadratic one, leading to the least-squares problem [17]. An advan-
tage of this problem is that, for the case of the data model described by a constant
function, the least-squares problem leads to the analytical solution, yielding the
arithmetic mean of data samples as the estimate. The assumption about the Laplace
distribution of data samples leads to the least-absolute deviations problem, which
gives a median value of data samples as the estimate for the same data model de-
scribed by the constant function [18]. However, the quadratic or other convex func-
tions are unsatisfactory for processing the data containing anomalous values [19]. In
this case, robust approach based on the generalized maximum likelihood criterion is
used. For the vector 6 of unknown parameters of data model, it has the form of the
following minimization problem:

min i o[r,;01, 4)
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where r, is a residual between the observed data and data model for a given 1, and
p is the cost function [6]-[7]. Usually, the robust approach (4) is implemented by the
cost function with horizontal asymptotes [9].

To obtain a wide range of cost functions, a “superset of cost functions” has
been proposed [14]. This “superset” is defined by the cost function:

ps (X) =ks[(1+] X/ a|)" ~1], (5)
where o >0 is a smoothing parameter with the same unit as X; q is a smoothing
degree parameter (0<g<ow); P is a shape parameter (—o<B<1; B<q);
ko (x)=1/[(1+]|x,/c|")"? —1] is a constant, which is used to transform the cost func-
tion within the “superset” framework; x, is a normalization point, where p,(x,)=1.

Let x, =1. The following limits are true:

. . x|, 0<P<l1
limp.(x)=|x1*; limp.(x) =
lim ps (%) =| x | lim p(x) {(X), o <BL0
limpy (%) =k -In(1+ | x [* /a); lim py(x) = 0(x);
(6)
. . x’
limps () =k, [+ ][ /aD)" ~1]; - limps(x) =k, —7—,

q—2
where @(x)=sgn’(x);k, =1/In(1+1/a?);k, =1/[(1+1/a")"" —1];k, = 1+ a?).
The modified version of the “superset” is given in [15]. It has been obtained by

equalizing behavior of cost function at zero. This modification expands the “super-
set” by a generalized Meshalkin’s cost function [11]:

Py (X) =[1—exp(=| x/a[")]/[1—exp(=| X,/ a[))], (10)
where the value of o must be recalculated concerning the value of a for the origi-
nal “superset.” For the modified superset, it holds: limg, , p,(x)=p,(X), where

P, (X) denotes the cost function of the modified superset. From (10), it follows that
lim,_ p, () =9(x), lim, _, p,(x)=x|*, and lim_,p, (x)=¢(x), where x, =1.
Besides this, if 0 <a < x,, then lim_,, p,(x)=p,,(X), where p, (x) has the shape
of a “rectangular pit” of 2o wide, i.e.,

111_1)130 pM(X) |x|<atpy = O; 111_1)2 pM(X)

=1,

(11)

where € is Euler’s number. The use of (11) changes the maximum generalized likeli-

ey = 1= 1/€ 2 0,63: limp, (X)) .,

hood method into the maximum histogram method, where the histogram bin width
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is equal to 2a.. Since the “superset” covers many symmetric cost functions, it can be
used to tune the estimation to the noise environment with the symmetric noise dis-
tribution and with the outliers to be rejected.

Theory of the two-stage estimation method. The proposed two-stage esti-
mation method uses the generalized maximum likelihood criterion and the superset
of cost functions. There are two ways to apply this method. For the first one, it needs
to set the three free parameters a, B, and q to a priori known values. For the sec-
ond one, it needs to tune these three free parameters to the current noise environ-
ment. The latter we discuss for a Gaussian pulse that slowly moves in the unknown
noise environment and locates on the known constant background. Here, we assume
that the observed data contain a background fragment with unknown location in the
measuring space, and a sufficient number of data realizations is available. Then, by
estimating the background at the tuning stage, we choose the best values of free pa-
rameters, thereby realizing some training procedure. At the estimating stage, we es-
timate the location, amplitude, and half-width of the Gaussian pulse by the iterative
algorithm proposed.

Let the data model is:

s(x;A,A,m,c,)= A + A-exp[-(x —-m)’ /(25,)], (12)
where A, is a known constant background, and A,m, o, are the Gaussian pulse pa-

rameters to be estimated. Let m is slowly changed in time comparing to the data
sampling rate, and the length of the observation interval X is larger than the half-
width o, of the Gaussian pulse in several times. Also suppose that c, >>Ax,

me X, and A is within a known range. In such a case, we have a Gaussian pulse,
which has a new location for each data measuring; we call this pulse a “moving
Gaussian pulse.” By using (12) for the discrete case, we state the following two esti-
mation problems. The first one is:

A, =argmin p (8, — A, Aexpl—(x, ~m)'/Co)1}, (13)

where p; denotes the superset cost function, which depends on the three free pa-
rameters o,p,q [14]. Assuming A=0 and excluding the Gaussian pulse model
from (13), we have the first problem in the following form:
— N
A, =argmin 3 pi[g, - A,]. (14)
0 n=1
The problem (14) describes the case of a “pure” noise environment when ob-
served data do not contain a Gaussian pulse to be estimated. However, below we ap-
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ply (14) both in this case and in the case of the presence of the Gaussian pulse. Solv-

ing (14) gives the estimate A, of the background parameter A, for the given values
of free parameters o, 3, and q. Since A, has a known value, the best values of free

parameters should minimize the estimation error. Note that subtracting the known
constant background from observed data gives a similar problem for zero back-
ground estimating.
The second problem is the following:
- N
(A,m,5,)=argmin 3 py{g, — A, —Aexp[~(x, -m)* (20,)]}, (15
TP n=l1
This is the Gaussian pulse estimation problem under the assumption that val-
ues are known for A ,a, B and q.

Let us consider the tuning stage. Substituting (5) into (14) yields:

A, = argrr}\in{ks -i[(H g, — A, |" /a®)P —1]}, (16)

where AO is the estimate of A,. For most cases, the objective function in (16) is a
non-convex. Therefore, its minimization needs using the zero-order optimization

methods. Naturally assuming AO €[8.>8m ], Where g . =min(g,) and

1<n<N

g...=max(g,), we offer to solve the minimization problem (16) by searching for

1<n<N

the best value of 4, either among data samples or given values. The former is more
attractive for the following reason. Because the value of each data sample turns into
zero at least one term of the objective function in (16), such a value can be consid-
ered a “quasi-optimal” one. There are no more than N quasi-optimal values for the
problem (16). Besides this, if g <1, the quasi-optimal value coincides with the opti-
mal value that minimizes the objective function in (16) (although, for the given val-
ues of a,f3,q this optimal value of A, may not coincide with the true value of A,).

The tuning stage is implemented by training performed over a given number of
random data realizations and aims to obtain the best values for a,f,q . For training,
we use the Mean-Square-Error (MSE) criterion. Let / be a number of data realiza-
tions used for training. The MSE, which we denote by the € symbol, is the three-
dimensional function for a fixed value of |, i.e.,

s(a,s,m{}ijAou;a,ﬁ,q)—Ao @ , 20)

where AO( J;0.,B,q) is the estimate of A, for the j-th realization and given o.,f3,q.
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The MSE minimum points to the best values &,B, q,i.e.,
(a.p.q) =argmine(c.,B.q), 21)

For tuning, it needs to choose the sequences of free parameters values. Assum-
ing that the scale of inlier distortions is less than 1, we propose the following ones.
For o, the sequence is (107*,107,107,107,1,10). For B, the sequence is
(-0,-16,-4,-2,-1,-1/2,-1/4,-1/8,0,1/8,1/4,1/2,1). For g, the sequence is
(1/2,1,3/2,2,5/2,3,4,5,10).

Let us consider the estimating stage. Substituting (5) into (15) yields:

(Am,5,) =arg min k3 ({1+]8, ~ A, = Aexpl=(x, ~m)* [Qo)] /') =),

(22)
where o,f3,q are already tuned parameters and A, is known. To solve (22), we pro-
pose to use a zero-order minimization method that consists in generating the initial
estimates and their refining.

Generating the initial estimates is to obtain the approximate values of A,m,c,.
To generate the initial estimates, we assume that each of the data samples
g.;n=1,..,N can specify the location and the amplitude of the Gaussian pulse. In

that case, the problem reduces to estimate the half-width o, . To solve this problem,
we construct a set of trial values for ¢, and select such a trial value that minimizes
the objective function presented in (22). We include in this set the following values.
The first value is ¢, = 0, indicating the transformation of the Gaussian pulse into a

constant background. Although it contradicts the assumption about the presence of

the Gaussian pulse, it can be used to calculate a maximum value of the objective
function for the given data sample. Other trial values are generated by the formula:
v 2In[(g, - A) (g, - A

J2In[(8, - A) /(g - A)]

under the condition that (g, —A,)/(g; —A,) >1, where i is the index of the data

(23)

sample g, considered as a center of the Gaussian pulse, and j is the index of some
other data sample g;, for which the inequality mentioned above holds. If, for the
given g, it is impossible to find g;;j =i such that (g, - A))/(g, - A,) >1, then g, is
excluded from contenders to be a center of the Gaussian pulse, and the trial value is

not generated for c,. However, if for the given data sample g; thereis g;;j #1i such
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that the inequality: (g, - A,)/(g;,—A,)>1 holds, the corresponding trial value is
generated for o, . After obtaining the set of trial values, we select among them such

a value that minimizes the objective function in (22). Thus, for each data sample, we
obtain the initial estimates of A,m,c, and the corresponding value of the objective

function. Then, passing through all the data samples, we select the best initial esti-
mates that give a minimum value of the objective function.

Refining of the estimates consists in iteratively refining the estimates of
A,m,c,. To implement refining, we use the trial values calculated as:

m=i-Ax-5,\2In[ANg, - A)]; if A/Ng —A)>1, (24)
A=(g - A,) expl(i-Ax—m)*/(262)], (25)
_ li-Ax—m)|

; it Alg - A)>1, (26)

G, = —
J2In[A/(g,— A))]
where the current estimate is at the left side of the equal sign, and the previous es-
timates are at the right side of the equal sign. We refine the Gaussian pulse parame-
ters estimates by the following algorithm. (1) Store the parameter estimate and the
objective function value. (2) Create an array of trial values of the estimated parame-
ter. (3) Check the performance of each trial value by calculating the objective func-
tion value and comparing it with the stored value of the objective function. If some
trial value of the parameter minimizes the objective function, it is the estimate of
this parameter at the current iteration. We use this algorithm iteratively through the
following sequence of Gaussian pulse parameters: the location, the amplitude, and
the half-width, and finish it when the estimates achieve the given accuracy.
Simulations. For simulations, we used (16) - (26), as well as the models of
positive outliers and Cauchy noise. We set N=256, A =1, A=1, m=1-Ax,
c, =8:-Ax, Ax=1, where [ has an integer value from 60 to 160. We used the Cauchy

noise distribution p(&)=(v/m){1/[(E-9)* +Vv’]} with 3=0 and v=0.1. For posi-
tive outliers, we set the probability of their occurrence to 0.1, and the uniform distri-
bution of their amplitudes in the range from 0 to 5. For each new data realization
containing a Gaussian pulse, changing | created the effect of Gaussian pulse mov-
ing. Therefore, averaging the data realizations will not be effective for estimating.
Moreover, averaging the Cauchy noise is ineffective.

At the tuning stage, we simulated 1000 random realizations of the noise envi-
ronment, formed by the Cauchy noise and positive outliers in both cases of the ab-

sence and the presence of the Gaussian pulse. For the latter case, we used different
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values of | obtained first by its decrementing by 1 from 160 to 60, and then by its in-
crementing by 1 from 60 to 160, etc. By estimating the constant background for vari-
ous values of o, B, and q, we calculated the three-dimensional function (20) for
each of the indicated cases. Fig. 1 presents these simulations, where Fig. 1a, Fig. 1b,
and Fig. 1c show cross-sections of the decimal logarithm of the three-dimensional

function (20) by the planes p=p and q=q, by the planes o =a and q=q, as well
as by the planes o =a and B= B, respectively. In these figures, the symbol @ de-
notes the ordinal number of the element in the given sequences for a, 3, g, which
starts from one and changes by one. Thus, if @o =1, then o =10"; if @a. =2, then
a =107, etc. In a like manner, if @B =1, then B =-x, etc., as well as if @q=1,
then q=0.5, etc. Fig. 1d shows the cost functions for values a =0.1, Bz —4,q=2
and a=0.1, B:—OO, q =1.5, which minimized the MSE for the indicated cases,
when J =1000. Here, we see that these cost functions visually almost coincide. The

obtained dependences of &,B,Q and MSE minimum on the number / of random re-

alizations show that tuning of o was the fastest, while tunings of 3 and ¢ were

log(e) p(x)
i ) gL u !
\.\ “| o5 \/

slower in both cases.

......
.....
e
.......

oot
......................................

(b) (©) (d)

Figure 1 — Tuning to the noise environment formed by the Cauchy noise and positive
outliers: the log of MSE along a-axis (a), p-axis (b), g-axis (c), and the best cost func-
tions (d); dotted and solid lines correspond to the absence and the presence of Gaus-
sian pulse, respectively

The second stage of the proposed method is the estimating stage. Fig. 2 shows
two examples of this stage for estimating the Gaussian pulse. Here, Fig. 2a and
Fig. 2e show two different data realizations. Fig. 2b and Fig. 2f show the estimates
obtained for "best" tuning (when ao.=v=0.1, f=-4, q=2), where plots of the true
Gaussian pulse and its estimates visually coincide. Fig. 2c and Fig. 2g present the es-
timates obtained for "good" tuning (when oo =v=0.1, B=—00, q=1.5). Fig. 2d and
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Fig. 2h show the estimates obtained for "bad" tuning (when o =v/100=0.001,
B=-0, g=1.5). A full demonstration of this stage is available by the reference
https://drive.google.com/file/d/1RVZIAKShghWAUDpzGPffI[C5INeCMtiY1.
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Figure 2 — Gaussian pulse estimation with known constant background: input data
(a,e); the estimate (solid line) for “best” tuning (b, ), "good" tuning (c, g), and "bad”
tuning (d, h); dotted line shows the true Gaussian pulse

Table 1 presents the average and maximal MSE values of the Gaussian pulse es-
timation obtained over 1000 realizations by using the mean, median, myriad, and
meridian estimators, as well as by using the proposed estimator with the best, good,
and two bad tunings, respectively. The plots in the table cells show the cost func-
tions used for estimation. A feature of these cost functions is their normalization at

x, =1, i.e. py(x,)=1. Here, we see that the shape of the cost function and the scale

of its argument are important at once.

Discussion. For considered example, the Gaussian pulse estimation should be
performed for each data realization obtained after measuring. Unfortunately, the
presence of the Gaussian pulse complicates tuning to the noise environment since
the Gaussian pulse also contaminates it. However, Fig. 1 shows if the ratio of the ob-
servation interval length to the half-width of the Gaussian pulse is large enough,
then the tuning gives the same results both in the absence and in the presence of the
Gaussian pulse. Simulations also show that the tuning time can be reduced essen-
tially by using the following algorithm. (1) Solve the three-dimensional tuning prob-
lem for a, B, q with a small number (e.g., 100) of realizations and take the best
value of a . (2) Fixing this value of o, solve the two-dimensional tuning problem for
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q and B with a moderate number (e.g., 200-500) of realizations and take the best
value of q. (3) Fixing this value of @, solve the one-dimensional tuning problem for
B with a large number (e.g., 500-1000) of realizations and take the best value of 3.

Fig. 2 shows that the quality of estimation depends on the tuning quality. In
this context, Table 1 shows that the best estimate corresponds to the "best" tuning
(both in terms of the average value and maximal value of MSE). But for the "good"
tuning, the estimate is slightly worse. Table 1 also shows that a small average value
does not guarantee a small maximal value. In total, Fig. 2 and Table 1 confirm the
effectiveness of the proposed approach for Gaussian pulse estimation for the case
when the free parameters are properly tuned to the noise environment.

Problem (2) was formulated for a parametric data model without using the con-
straints on the values of data model parameters. Using such information and includ-
ing it in the formulation of the estimation problem, we can improve the estimation
quality. Besides this, if the unknown parameter takes several values, it is advisable to
look for several local minima of the objective function.

Conclusion. The proposed two-stage method is an efficient method for pa-
rameter estimating of a given data model in an unknown noise environment. It can
be used under the condition that it is possible to tune the parameter estimation pro-
cedure to the noise environment. It is shown that tuning can be performed on a
fragment of known data. Further, subtracting the estimated data from the obtained
data after the estimating stage allows refining tuning. The proposed method can be
used to develop an intelligent system that can tune itself to the unknown noise envi-
ronment and perform the best estimation of the parameters of a given data model.
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Table 1
MSE of Gaussian pulse estimation
Estimator Cost function Average value of Maximal value of
MSE MSE
Mean " v 59.76 1502.44
Medlan px) \/ 0.36 2.24
Myriad " 0.50 3.00
(a=v, B=0, q=2) 05\/
Meridian N B 0.40 1.52
(uq/’ BZO, q:1) 05
proposed: “best” tuning " 0.34 1.47
(o=v, p=-4, q=2) 05 \ [
proposed: “good” tun- " 0.37 2.39
ing 05 \/
((X:V’ B=-OO, q=15) ERERERERE
proposed: “bad 1” tun- % 1.19 22.08
ing (a=v*100, P=-oo, = \/
q:1 '5) ?1 00 -50 0 50 «x
proposed: “bad 2” tun- ¥ 3.39 20.17
ing (a=v/100,  B=-o0, . V
q:15) 0050025 0 0025
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Jleoemantuti memoo ouiHw6aHHs napamempis
y He8i0oMOMYy ULYyMOBOMY cepedosuuli

3anponoHosaHo deoemanHuii memod supiuleHHs1 3adayi OYiHI08AHHS napamempis
3adaHoi modeni daHux 0ns 8unadky He8idomoz20 Wymo8020 cepedosulyd, KUl ckaaoa-
EMbCSL 3 emanié HaNaAuwmye8aHHs ma OyiHWEaHHs. Ha emani Haniawmy8aHHs OYiHH08au
HAIawmosy€emucsl Ha ulymose cepedosuuie WiasXxom MiHimizauii cepedHbo0K8adpamuuHoi
NOMUJIKU OUIHIOBAHHS O/l 8i00M020 (hpazmeHma OaHux y npocmopi mpvox 8ibHUX Na-
pamempis. Ha emani oyiH08aHHA OUiHI08aU p038°A3y€ 8i0N08iOHY 3adauy MiHimizayii,
BUKOPUCMOBYIOUU 8X(e HANAWIMO8aHi 8i/ibHi napamempu. HagedeHo npuxaad oyiH08aH-
HSl 2aYCCIBCbK020 IMNYNbCY, AKUL NOBLNBHO PYXAEMBCS Y HEGIOOMOMY WYMOBOMY cepedo-
suuil.
BoBk Cepriit MuxaiioBuy - K.(.-M.H., O1IeHT, [IHITpOBCbKMIT HAL[iOHATbHMIA YHi-

BEPCUTET, IOLIEHT Kadeapy KOMII'IOTePHUX HAYK Ta iHGOpMaLiiiHNX TeXHOJIOTIIA.
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