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JTPOBHO-JTVUGEHIIMHWIA MIIXIO O/ OIHCY ITPOIIECY
JKUBJIEHHSI METAJIIB I CIIVIABIB,
IIIO TBEPAIIOTH B YMOBAX PEI'VJIbOBAHOI'O TA30BOI'O TUCKY

Anomauyia. [na onucy npouecis ¢inempayii 8 cknaoHux 0eHOpUMmMHOo-nopucmux cepedosuLax
3anponoHosaHuli psd 0pobHo-OugepeHyiliHux mamemamuyHux moodenell Ougy3iliHozo muny.
OnucaHo HeniHiliHe piBHAHHSA, W0 Micmums 0po608i noxioHi PimaHa-Jliysinns 3a 4acom, sKke Mo-
e bymu 3acmocoBaHO 019 KOPeKMHO020 onucy 00HO(pa3Hoi Ginempayii He HbMOHIBCLKOT pi-
OuHU 8 nopucmomy cepedosuLy].

Knioyosi cnosa: ¢inempayis; mamemamuyHa modess; OpobHa noxioHa, OpibHo-dugpepeHyiliHe
PIBHAHHA; y3a2anbHeHul 3akoH Japci.

Berym. [IBoxdasHa 30Ha, 1[0 YTBOPIOETHCS P Mepexoli po3MjaBy 3 PiIKOro B
TBEPAUIA CTaH, 4aCTO MOXKe XapaKTepu3yBaTUCh aHOMAaJIbHOK KiHETUKOI MPOTiKaH-
Hs. OcoOGaMBOCTiI KiHETUMKM B IIbOMY BUIAJKYy BMHMKAE Yy 3B’SI3KYy 3 BUMHMKHEHHSIM
edekTiB MPOCTOPOBOI HEJIOKABLHOCTI i, B psifi BUIAAKIB, eeKTiB mam'sTi, o mif-
KOPSIIOTBCSI Pi3HMM CTyIeHeBMM 3akOHaM [1-3]. MaTemaTuuHMM anapaTom, 1o J0-
3BOJISIE aJIeKBAaTHO OIMCYBATM TaKi MpoIlecu, € Teopis iHTerpo-audepeHIliloBaHHS
I pO6OBOTO MOPSAKY [4-6].

Lliyro craTrTi € BUKIAOEHHSI OCHOBHMX TIOJIO)KEHb Teopil iHTerpo-
nudepeHIiloBaHHS IP0O0OBOT0 MOPSAKY Ta IIJISIXM iXHbOTO 3aCTOCYBAaHHS JIJIST KOpe-
KTHOTO OMMCY MacorepeHoCy MpoLecy >KMBJI€HHSI MeTaJIiB i CIIaBiB, 1[0 TBEPAIIOTh B
YMOBax peryJjibOBaHOI'0 ra30BOT0 TUCKY.

OpooHo-ngudeniiitHi mogeni ¢inbrpanii. OcHOBHA ies MoeTIOBaHHS I10-
JIITa€ B 3aMiHi peaJlbHOTO HEOJHOPIJHOIO cepemoBuila ABO(asHOiI 30HM MOME/b-
HUM OZHOPIIHUM IIPApPUCTUM CepeloBUIEM 31 CTYIIEHeBOK MaM’STTIO Ta IMPOCTO-
POBOIO HEJIOKAJIbHOCTIO. [Ipy 11bOMY peasi3yeTbCsl HemOBHMIT onuc ilbTpalliitHOTro
npoiiecy audepeHIiaIbHUM PiBHSIHHSIM JPOOOBOTrO MOPSIAKY, @ HASIBHICTh APOOOBUX
MoXigHMX B MoaMu@ikallisix OCHOBHMX 3aKOHIB i CIiBBiJHOIIIEHb CBiTUMUTD PO HASIB-

HiCTb, TaK 3BaHUX, IPMXOBAHNX 3MiHHUX [7].
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Mogaenb ogHodasHoi QibTpallii 3 APOOGOBMMYM MOXIAHMMMU 32 YacoM. Po3-
[JISHEMO BUITaJ0K 0gHOMa3HOro Teuii. BigmpaBHOI TOUYKOIO /1151 BUBEJ€HHSI MOZelli,
SIK i B KJIaCMYHOMY BUMAJIKy, CIY>KUTbh PiBHSIHHSI HEpPO3PUBHOCTI, sSIKe OJs Tedil B

mIIapmucTomy Cepe,H,OBI/IH_[i Ma€ BUTJISAL,

9(gp)

— +div(pw)=q, (1)

e ¢ - MIMapUCTICTh CEPedoOBUINA, p — IIIbHICTh piguuu, mo QinbTpyeThes, W —
BEKTOP WBUAKOCTI piguHM, q — WUIBHICTh BHYTPIIIHIX AkKepea Macu, t — vac.

VY 3araJibHOMy BMMA[KY IIIIapUCTICTh 3aJIeXXUTD SIK Bif TUCKY PiIMHM, TaK i Bif
HampyxeHoedhOpPMOBAHOTO CTaHy cepenoBuiia [8]. JeHAPUTHO-IIAPUCTe Cepeso-
BUIIE YaCTO MPOSIBJISIE B’I3KOMPY>KHI BAaCTUBOCTI [9]. [Ipy iboMy HasIBHiCTh pO3BU-
HEHOI Mepexi TeHAPUTIB 3 (ppaKkTaJbHOIO CTPYKTYPOIO MPU3BOAUTH 10 HeaJleKBaT-
HOCTIi KJIaCMYHUX PeoJIOTiuyHMX piBHSAHB MakcBesia, KenbpBiHa-®oiirra abo 3eHepa i
BMMarae rnepexoay 1o ix apobHoxiddepeniiiiinux aHanoris [10]. B pesysibTari mimna-
pHUCTicTh Oyme QYHKIIi€I0 He TiIbKM TUCKY, a i Ipo6oBoi moxigHoi (abo gpi6bHOro iH-
Terpasna) Bif TUCKY:

(P=(0(p’0Dta (p))’ ae(_l’l)’ (2)
Iie p — TUCK, & — IOPSZOK Apo6oBoi moxiaHoi, (D) (p) - mpo6osa moxiaHa.

BB TpillMH B IIIIAapMCTOMY cepemoBuini Ha QinbTpallilo pigvHuM Moxke OyTH
BpaxoBaHO Mopaudikaiiielo 3akony Jlapci. Y pobotax [11-13] 3anpornoHoBaHi pi3Hi
npobHomiddepeHLiaabHi y3araJbHeHHs JAHOTO JIiHiIiTHOTO 3aKOHY. OgHAaK B 3arajib-
HOMY BMUMAIKy 3aKOH (inbTparllii € HemiHiliHMM. OfHI€I0 3 MOXIMBUX HETiHIMHUX
Moaudikailiii 3akoHy ¢iabTpaiiii €

w

D1 (VP)=F (Wi, 7 £(0.1) 3)

ne F (z) — 3afaHa QyHKuisA. Y rpaHMUHOMY BUMIAJKy y =1 piBHSAHHS (3) MepexoauThb
y Bimomuii [14] HeniHiliHKUIT 3aKOH GinbTpallii iJIOTO MOPSIAKY.

3akoH (3) € 3a CBO€IO IpUPOI0I0 cyoaub@ys3iitHuM i Moke 6YTM BUKOPUCTAHMIA
1711 MofeoBaHHs QifbTpallii B IpUPOIHUX AeHIPUTHO-IINAPUCTUX CepeloBUIIAX,
B SIKMX JIEHAPUTU PO3IIOLiJeHi B cepeJTHbOMY PiBHOMipHO 3a 06cAroM. Y 1ibOMY BU-
MagKy OCHOBHMII TMOTiK PiAMHM BU3HAUYAETHCSI CaMe IUIMHOM MO MiXAEeHAPUTHUM
KaHajaMm, a IINnapucTa 4YacTMHa cepefdoBMIIA CIIPABJSIE TAIbMYIOUY [Ail0 Ha MOTIK i
rpa€ poJib 00J1aCTe 3aXOIIeHHS YaCTMHOK PigyHMN.

Bupimytoun (3) mon0 mBUAKOCTI, OTPUMAEMO
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w=—f(0D:(Vp))‘Z—Z, 7(0,1), 4)

ne f(z)=F"(z).

ITincTaHoBka (2) i (4) B 3ak0oH 30epeskeHHS (1) IPU3BOAUTH 10 HACTYIIHOTO He-
JiHitHOTO Mpi6HO-AMdepeHITiitHOrO PiBHSIHHS (iNbTpallii B’I3KOMPYKHOTO Ccepejio-
BUIIA B IEHAPUTHO-IINAPUCTOMY CepeOBUIILi:

a+l p+l
(Cf1+c¢1)pt+c¢aODt p+CfﬂODt b=

=q+;d1v f(ODZ(Vp))‘VZ‘:lJr (O ;5( ))(chVp+cfﬁon(Vp))
1 0p 104 ) . . .
e ¢, =———, ¢, =—— — KIaCH4Hi i30Tepmiuni cTucimBocTi piguuu i mopucroro
p op ¢ Op

cepenoBuUIIA, BiIMOBigHO, a

1 op 1 04
Cfﬂ - B’ C¢0! = a
p aODt p ¢ 80Dt p

CTUCIUBOCTI.

— ix y3arajpHeHi Opi6bHO-AMdepeHIliiiHi i30TepMiuHi

PiBHstHHS (5) BiZHOCUMTBCS OO KIacy HeMiHiMHUX OpiOHO-IudepeHLiiHUX PiB-
HSIHb aHOMaJIbHO1 Au@y3ii. Y 3arasbHOMY BUIIAJKY 10T0 aHai3 SIBJsi€E COO0I0 TOCUTD
HeTpuBianbHy 3amauy. OMHaK Ha MPaKTHUIIi TajJeKo He 3aBXAu Bci edekTu, 110 Bpa-
XOBYIOTbCSI PIBHSIHHSIM, MPOSIBJSIIOTBCS OJHOYACHO i € 3Hauymumu. B pesynbrari
3 (6) MOXKYTb OYTM OTpMMaHi pi3Hi ciMeiicTBa MPOCTIIIMX MOJIENIe.

SIK mpuKIam po3rjiTHEMO BUITAZ0K, KOJIM BIUIMBOM 3MiHM ITOPUCTOCTI Ha (ib-
Tpallil0 MOXXHA 3HEXTyBaTu (¢ = const), BHYTPIllIHi Akepesa Macu BiACyTHI i MOJeNb

€ omHOBUMIipHOi. Toxi 3 (5) oTpuMyemo
P+ oD 0, = 8 (D1 (p)) ], + 8 (601 (1)) (b4 o DL (1)), 6
Ie g(z) =f (z) / ¢ . Y IpUIyIIeHHi MaJIOCTi rpafiieHTa TUCKY (YacTO CIIpaBeIJIMBOMY

npu ¢inbTpaliii) ocTaHHIM HOJAHKOM B IIpaBiit yacTuHi (6) MOXXHA 3HEXTYBATU SIK
MEHIIMM Y TIOPiBHSHHI 3 MepIIMM JOLAHKOM IMPaBOl YaCTUHU. Y LIbOMY BUIMAIKY (6)
CITPOIIYEThCS i HaOyBae BUIISAAY ApobHOmi(pdepeHIifiHOro y3araJbHeHHSI HeJTiHii-
HOTO TejilerpadHOro PiBHSIHHS:

Pl 7
€D, +C;y oD, p—[g(th (px))l. (7
BuKOHa€eEMO B 1aHOMY PiBHSIHHI HeJIOKaJIbHY 3aMiHy 3a/1e)KHO1 3MiHHOI

— Ve
px _OItu’
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Ie u — HOBa 3ajieXkHa 3MiHHA. [Iudepennirooun (7) Mo x i 3AiICHIOIOUM 3aMiHY
3MiHHUX, B CUJTY Bijomux [4, 5] BiacTuBOCTel ornepaTopiB IpoO6OBOro iHTerpyBaHHS
i mudepeHITiOBaHHS
a s _ a-p a a _
ODt OIt - ODt ’ ODt OIt _1’

OTPUMAEMO PiBHSIHHS
I-y -y —
CproD Ut ¢, DI U= g(u) |

XX

abo

cflthl’qurcmODt”ﬁ’yu:[h(u)uxl, (8)

ne h(u)=g'(u).

[lpu P <y piBHgHHS (8) Oyne piBHSHHSIM cyboniddysiitHoro tuny, npu f=y
e Oyme piBHSIHHS Ouy3ii 3 HeJTOKAJIBHUM OOYpeHHSM, Ipu S >y MaeMo auddy-
3i/iHO-XBUJIbOBE PiBHSIHHSI.

BucHoBKM. BuKkopucTanuii B poboTi Mmiaxig HoCUTh peHOMEeHOJIoTiyHMi Xapa-
KTep, TOMY MOKJIMBICTh 1X 3aCTOCOBHOCTI B KOKHOMY KOHKPETHOMY MPaKTUYHOMY
BUITIAIKy TTOBMHHA OYTM OOIPYHTOBAHA 3 BMKOPMCTAHHSIM eKCIlepMMEeHTa/IbHUX Oa-
HUX, IO IiJATBEPKYIOTh CIIPaBeIIMBICTb BiAMOBIMHMUX OPiOHO-AMbepeHITiaTbHUX
y3arajibHeHb ()€HOMEHOJIOTIUYHMX TiltoTe3. 3aCTOCYBaHHS JAHOTO ITiIXOAY IJIsT OTUCY
IMHaMIiKM ITPoIlecy XMBJeHHS n1BoX¢a3HOoi 30HM MeTaJliB i CIIJIaBiB, 110 TBEPAilOTh B
yMOBax peryjabOBaHOrO Tra30BOro TUCKy. I[IpenacraBieHi B pobOTi ApoOHO-
nudepeHLiiiHi momeni ¢inbTpaliii BigHOCSITHCS A0 KiIacy PiBHSHb aHOMAaJbHOI IU-
¢dysii. XapakTepHOI0 OCOOIMBICTIO OTPUMMaHMUX PiBHSIHB, IO Bipi3HSE iX Bin Bimo-
MUX OpioHO-AMbepeHITiitHMX Momesnelt (inbrpaliii, € iX HemiHiliHiCT. [Ipu 1IBOMY
MoJIesTi 30epiraloTh CTPYKTYPY KIACUMUHMX PiBHSIHDb QibTpallii 1iJioro mopsiaky i me-
pexolisiTh B HUX B TPAaHMUYHUX BUIIaKaX, KOJIU MOPSAOK Api6bHOrO AudepeHIiitoBaH-
HS CTA€ LIIUM.

BuBYEHHS SIKICHMX BJIACTMBOCTE} OTPMMaHMX PiBHSIHb, a TAKOX IMOOyAOBa iX
YMCeIbHUX pillleHb € JOCUTbh HETPUBiaIbHMMM 3aBOAHHSIMMU, SIKi BUMAraloTh B KOX-
HOMY OKpeMOMY BUIMAJIKy CAMOCTiIHOTO JOC/iI>KeHHSI.
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Apo6Ho-dugpeHyuansHbiii nodx00 018 onuUCAHUA NPOYECCAa NUMAHUA Memansos U cniaasos,
3amsepdesaroujux 8 YycC08UAX pe2ynupyemo20 2a308020 0aseHus
Ana onucaHus npoyeccos unbmpayuu 8 C0XHbIX OeHOPUMHO-NOPUCMbIX cpedax npeod-
JIoXeH pAd OpobHo-OuppepeHyuanbHbix Mamemamuyeckux modesel OuggysuoHHoeo muna.
OnucaHo HenuHeliHoe ypasHeHue, codepxaujee OpobHble Npou3soOHble PumaHa-Jluysunns no
BpeMeHU, Komopoe Moxem Obimb NPUMEHEHO 0J11 KOPPeKMHO20 OnNUCaHus 00Hoga3Hol ¢uabm-
payuu HeHbloMOHOBCKOU )UOKoCcmu 8 nopucmoli cpede.
Fractional-differential approach to describe the process of feeding metals and alloys
solidifying under controlled gas pressure
To describe the processes of filtration in the folding dendritic-porous middle of the
proponation, a number of fractional-differential mathematical models of the diffusion type.
Described non-linear, how to take the shot of the abducted Riman-Leeuwill for an hour, as it can
be stuck for a correct description of the single-phase filtration of not Newtonian age in the
porous middle.
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The two-phase zone, which is established during the transition from melting from hard to
hard mill, can often be characterized by abnormal kinetics of resistance. The peculiarities of
kinetics in the whole range of winners are related to the issues of widespread nonlocality, in a
number of types, memory defects, which adhere to the progressive laws. The mathematical
apparatus, which allows to adequately describe such processes, is the theory of integration-
differentiation of the fractional order.

Victorians in robotic thinking have a phenomenological character, so the possibility of
their dependence in a specific, practical dermal condition is blamed on the basis of experimental
results, so that the validity of other differences is confirmed. Stagnation of the given approach
for describing the dynamics of the process of vitality of the two-phase zones and metals and
alloys, which solidifies in the minds of a regulated gas vice. Presented in the fractional-
differential robotic model of filtration are classified as abnormal diffusion. A characteristic
feature of the ryvnyan, which is derived from different types of differential models of filtration, is
not the same. With a whole model, they preserve the structure of the classical lines of filtration
in the whole order and pass into them in boundary drops, if the order of the other differentiation
is old.

Vivchennya yakisnyh authorities otrimanih ivnyans, and also prompts ih numerical
decisions € to finish nontrivial zavdannyi, as vimagayut in the skin okremomu vampad of
independent thought.
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