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N.N. KynbroBckas, O.A. JKyIbKoBCKU
COBPEMEHHBIE CPE/ICTBA IIOBBIMMIEHUA TOYHOCTH
PE3YJIBTATOB MATEMATHYECKOI'O MOAEJINPOBAHUA

AHHomayus. [losbiweHue mo4yHocmu apugmemuyeckux onepayuli 3a cyem
yBenuyeHus paspAa0HoCmu qucen ABAAEMCA OCHOBHbIM Cpe0CmBOM BbINOJIHe-
HUS pacyemos, KpUMUYHbIX K OKpyaneHuam. [IposederHoe uccnedosaHue no-
Ka3blBaem BO3MOXHOCMU COBPEMeHHbIX Npoyeccopos 0b6we20 Ha3Ha4yeHuUs u
KOMNUMIAMOPO8 A3bIKOB BbICOKO20 YPOBHA noddepxusams opmamsl nosbi-
WeHHOU moyYyHoCmuU O/ NOBbIWeEHUA 3pHeKkmusHoCmu Mamemamu4ecKo20
MO00esIUPOBAHUS B UeJIOM.

Knwouessie cnosa: 4ucno ¢ nnasarowed 3anamol, cmaHoapm IEEE 754, ¢op-
Mam npedcmasneHus, 2paHUYHbIe 3HAYeHus, abCcoMomMHas NoepewHocms Bbl-
yucneHus.

ITocTtaHOoBKa MPOOGIIEMBI

Pemrenue coBpeMeHHBIX 3ajad, (popMaJn30BaHHBIX B BHUIE MaTeMa-
TUYECKUX MojeJieil, TpebyeT KpaiiHe CJOKHBIX BBIUMCJICHUII HaJll OT'POM-
HBIMU MAacCuBaMHU JaHHBIX, 00pabOTKa KOTOPBIX COAEPIKUT 3HAUUTEJIHHOE
yncyo urepanuii. IIpu 3ToM TOUHOCTH MaAIIMHHBIX BBIUMCJIEHUI CTAaHOBUT-
cA HeyIOBJETBOPUTEJIbHOU, a BBIUMCJIUTEJbHAA MOTPENIHOCTh OIpelessdeT
OCHOBHYIO JIOJII0O OHNIMOKM B IojydaeMoM pelrmeHuur. OJHUM 13 MCTOUHUKOB
BBIYUCIUTENbHBIX TOTPENTHOCTEN ABJSETCS NPUOJUIKEHHOe IIpejcTaBJIe-
HUe IeMCTBUTEJBbHBIX uncea B IBM, o0ycioBiIeHHOEe KOHEUHOCTBHIO pas-
PAIHOM CETKH.

AHaau3 myOoJIUKAIMI 10 TeMe MCCIeI0BaHUA

HeticTBUTE/IbHBIE JaHHBbIe B NAMATU BBIYMCINUTEIBHON CHCTEMBI
IIpeJicTaBJeHbl B opMaTe ¢ ILJIaBawIieil 3anATON (TOYKOII) B COOTBETCT-
Buu co craugaprom IEEE Std 754-2008 (ISO/IEC/IEEE 60559:2011).

ABTopsl MHOTUX nybaumkanuii [1, 2 u ap.] nmpeasiararoT pasJuuyHbIE
MOAXOAbl K CTaHAAPTU3AIMM MaTeMaTUYeCcKuX (PYyHKI[UI, paboTamomux c
yucJaMu ¢ IJIaBatolieit samsaToit B opmarax IEEE 754. Hapany ¢ atum,
MHOJKECTBO pPaboT IIOCBAIINEHO TECTUPOBAHMWIO HA COOTBETCTBUE CTAHAAPTY
[2—4], BomrpocaM moOTrpenrHocTeil pe3yabTaTOB IPU BLIUMCIEHUUN QYHKIIUI
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[5]. ABTOopamu Hacrtoslelr paboThI paHee MCCJEIOBAH W OMKWCAH AJITOPUTM

COBPEMEHHOI'0 IIoaAxoAa K (OPMHUPOBAHUIO MAIIMHHOTO IIPEACTABJICHUA U
XpaHeHus YHCJI0BOW uHM@OpManum B QopMaTe ¢ ILIABaIOMIell 3aIlsiToH,
paccMOTpPEHBI OCOOEHHOCTHU ITPEACTaBJICHUS, a TAK}Ke BBIUKMCJIEHBLI I'DaHUU-
Hble (MaKcUMAaJIbHbIE U MUHHUMAJIbHbIE) 3HAUEHUS CYOHOPMAJbHBIX U HOP-
MaJIM30BaHHBIX ymces [6, 7 u ap.].
®dopmyaupoBKa 1eJiell CTaThU

I[Tesbr0o HaACTOAIIErO WHCCJIENOBAHUA SBJIAETCA IIOBBIIIEHNE IOCTO-
BEPHOCTH Pe3yJIbTATOB MOJEJHNPOBAHMUS Ha OCHOBE OIEHKU COBPEMEHHBIX,
HauboJiee YacTO MCIIOJIb3YeMbIX allllapaTHBIX M IIPOrPAMMHBIX CPEJICTB Ha
IIpeaMeT IIOJIyYeHUS HamOOJIbIell TOUHOCTH BBIUMCJIIEHUN U CHUKEHUS II0-
TpenrHocTei, o0yCJIOBJIEHHBIX IIpeJCTaBJIeHUEM AelCTBUTEJbHBIX NaHHBIX
B MaMATHU KOMIIbIOTEPA.

OcHoBHadA yacTh

Kax m3BecTHO, 3HauUeHMNE ABOWYHOI'O UYKCJA C IIJIaBaloIlell 3alsaToi

oIpenesyigeTcsl BbIpaKeHUEM:

=+ €
A _ao.a1a2a3...an_1 X S (1)

rae S — OCHOBa CHCTeMbI CUMCJIECHHUS; N — YMCJIO0 3HAUYAIUX PaspAI0B MaH-
Tuccol; ai — nmudpsl (0< ai <S); e — MOPALOK MJIU DKCIIOHEHTA (HEe IyTaTh C
YUCJIOM €).

Crangapt IEEE 754 ompeneaser OoCHOBHBLIE HapaMeTphbl (hOopMAaTOB
IIpeICTaBJICHUA YKCEJ ¢ ILIaBapImiei sanaroi (Tabdua.1).

Taoauna 1
IIapameTpbl OCHOBHBIX ABOMYHBIX (DOPMATOB UMCEJ C IIJaBaloIlell 3amsaToi
OuT B OUT B CMelIlleHue
dopmar BCEro OUT
[MOPSIIKE MAHTHCCE [MOpsigKa
’b.mary” 32 8 03 127
single
inary64
Houble 64 11 52 1023
inaryl28 ;g 15 112 16383
quadruple

B pabore [5] ommucarno MalnHHOE IIpEeJCTaBIeHe TPAHNYHBIX (MaK-
CUMAaJbHBIX ¥ MHUHUMAJbHBIX) 3HAUEHUH UYMCEJ C MJIABAIOINEl 3alsaTON B
craggapre IEEE 754, momyueHbl (popMyJsIbl AJisi BBIUMCJIEHUA W paccuuUTa-
Hbl TPaHWUUYHBbIE 3HAUEHUSA JIJA PaA3JUYHBIX (DOPMATOB STOrO CTaHIApTa
(Tabma.2).
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Taoauma 2
I'pannunble 3HaAUEHUA HOPMAJM30BAHHBIX UHCEJI C IIJaBaloMleil 3amaTon

"(I)OpMaT MaxcumaJgbHOe 3HaueHre MuUHUMAaJALHOE 3HaUYeHUe
[binary32 +3.402823F +38 +1.175494E - 38
Ibinary64 +1.797693E + 308 +2.225073E - 308
Ibinary128 +1.189731E + 4932 +3.362103E - 4932

Oco0eHHOCTh IIpPeACTaBJIEHUS AEMCTBUTEJIBHBLIX YICEJ CO CKPBITON
eIUHUIEl 3aKJI0UaeTcad B TOM, YTO HMMEETCsS JOBOJBLHO OOJIBIIION pPas3phIB
MEXXKIY HyJeM W OJMKaAWIIUM K HeMy MIPeACTaBUMBIM YMCJIOM — IIOTEePS
spaunmocTu (underflow) oxkoso HyJ/sI. 9TO 00CTOSATEIHCTBO MOJKET IIPHUBO-
IUTH K OIMIMOKaM IIpu paboTe ¢ MAJbIMU BeJIUYNHAMU.

I TOBBINIIEHWSI TOYHOCTY BBIUMCJICHUII IpU paboTe ¢ «MajJeHb-
KMMH» YHCJIaMU B CTaHJapTe IIPeqyCMOTPeHa BO3MOYKHOCTH MCIIOJb30Ba-
HUS T.H. cyOHOPMaJabHBIX (subnormal numbers), T.e. HeHOpMaJIM30BaH-
HBIX uYmceJ. Vcmosb3oBaHWE [IeHOPMAaJM30BAHHBLIX UYHCEJ - 3TO CIIOCO0
YBEJIMYUTH KOJUUYECTBO IPEACTABUMBIX UMCEJ C IIJIaBaloIlleil 3aIlsaTou I
IOBBIIIIEHUS TOUHOCTU BBIUMCJIEHUIA.

Onucanve MaNIMHHOTO IIPEACTaBJI€HUS U OCOOEHHOCTEH MCIIOJIb30-
BaHUsA cyOHOpPMaJIbHBIX umces B cranpapte IEEE 754, a Tak:ke mosrydeHue
dopMys myisT BBIUMCJIEHUS U caM pacueT I'PaHHUUYHBLIX 3HAUeHUIN (MaKCH-
MaJIbHBIX M MUHUMAJBHBLIX) CYOHOPMAJBbHBIX YHCEJ IJA PasJIUUYHBIX (op-
MaToB (TabJi.3) pacCMOTPEHBI aBTOPaMM JaHHOII cTaThu B padore [8].

Tabaumna 3
I'panuuHbIe 3HAUEHUS CYOHOPMAJBbHBIX UMCEeJ C ILJIaBaloIleil 3aIsToi

ldbopmar MakcumasbHOE 3HaueHHe |MUHUMAJIbHOE 3HAUEHWE
lbinary32 |+ 1.175494E - 38 +1.401298E - 45
lbinary64 |~ 2.225073E - 308 T 4.940656F - 324
lbinary128 [+3.362103E - 4932 +6.475175E - 4966

IlpencraBumbie B hopMaTe C ILJIaBalomiell 3amATOM YHCJIa MOJIMKHBI
OLITh JBOMYHO-PAIIMOHAJNBLHBIMU, T.€. HOJKHBI MMETh BUI p /2", rme p u
m — IleJble 4YMcja, HPUUYeM m HeoTpuilareabHo. TOJIBKO B 3TOM cJydae
YUCJIO IIPEJICTABAsIeTCS B (popMaTe ¢ IJIaBaioIieil 3amsaToil 6e3 OKPyTrJaeHud
M, COOTBETCTBEHHO, 0e3 morTepu TouHOCTH. OcTajbHBIE K€ UYucJja IMIpen-
CTaBJIeHbI IIPUOJUIKEHHO, T.€. OHU OKPYIJISIOTCA IO TOUHO IIPEACTABUMBIX
B hopmaTe ¢ IJaBawIleil 3anATON Yuce.
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OcHOBHBIM IIOKa3aTeJieM KadyecTBa MAaNIMHHON apu(pMETUKH C IJia-
BaIOIel 3aIlATON CUMTAEeTCsA TOUHOCTH (accuracy), ¢ KOTOpoil apudmeTura
OKDPYTJIAET AeNCTBUTEJbHBIE Unca. deM O0JbIlle pacCTOAHNE OT MCXOHO-
ro 4ymcJja 10 OJuiKaMIIero mpeicTaBUMOro, TeEM ¢ MEHBIIIEH TOYHOCTHIO OHO
MOXKeT OBITH HIpeJCcTaBJIeHO. PaccTossHME MeKJy COCeIHUMM INIpeICTaBHU-
MBIMHU YUCJIAMU, T.€. YUCJIAMU C eIUHBIM NECATUYHBIM 3HAUEHUEM IIOPS-
Ka W C pasIuyamoIMuMUCA B OAWH OMUT MaHTHCCAMMU, HA3BIBAIOT IIIaroM
yucia. CiemoBaTebHO, MaKCUMaJbHAA a0COJIIOTHAS IIOTPEITHOCTh OKPYT-
adeaus aasa umciaa B ¢popmare IEEE 754 paBHa IOJIOBHHE IIara, a BBIYHC-
JIEHHBIN DPe3yJbTaT OTJWYAETCS OT TOYHOro 3HAaYeHUsA He 0OoJjiee yeM Ha
IOJIOBUHY €IMHUIIBI IIOCJEeJHEero paspsjga MaHTHCChI peadyJjabTraTa (unit in
the last place, ulp) [8]. Illar uucen yaBauBaeTcAa ¢ yBeJIWYEHUEM DKCIIO-
HEHTBI JBOMYHOTO YHucJa Ha equHUIy. T.e. ueM gaJbIilie OT HYJsS, TeM IIH-
pe miar uncesa B popmare IEEE 754 mo umcioBoit ocu.

ABTopamu HacTosAlell paboTsl paccMOTpeHBI [9] ocobeHHOCTH CTaH-
JapTHBIX CIIOCOOOB OKPYTJIEHUS YMCEJI C IIJaBaIoIleil 3alAaTOl MPU BBIYKC-
JIeHNAX Ha KOMIILIOTEpPE U MOJIYUYEHBI BBIPAYKEHUA AJA BBIUKNCIECHUS MaK-
CUMAaJIbHBIX a0COJIIOTHBIX MOTPENTHOCTe!l OKPYIJIEHUsS YHCeJ, IpPeJCcTaB-
JeHHBIX B 0a30BBIX (popmaTax cranzaptra IEEE 754 (Tab6u.4).

Tao6aumna 4
BriparkeHus a5 BBIYUCIEHUSA MaKCUMAJbHBIX a0COJIOTHBIX ITOTPEITHO-
cTell oKpyrJieHnA uuces 6a30BbIX (popmaToB cTaHnapra IEEE

||(1)OpMaT CY6H0pMaJH:>HI:Ie qucJjia HOPMaJIN30OBaHHBIE YN CJIa
||binary32 7-150 HE-151

||binary64 1075 2E-1076

lbinary128  |,-16495 S E 16496

W3 Bcex BBINMIENPUBEAEHHBIX TAOJUI] ICHO BUAHO, UTO JAJIA TOJIyUe-
HUsA HamboJiee TOUHOTO pe3yJbTaTa BBIUUCJIEHUN HEOOXOAMMO WCIIOJIB30-
BaTh (popMaT dUeThbIpexKpaTHOW TouHocTu (quadruple precision).

AnnaparHasa moaaep:kka binaryl28 upesBbluaiiHO pejKa, HaIpU-
mep B z/Architecture u POWER9; 8 SPARC V8 u V9 zasaBieHa, HO pe-
aJbHas anmapaTHad MOJAepP:KKa OTCYTCTBYET.

ABTopamMu pabOTHI IIPOBEAEHO WCCJIEJOBAHNE COBPEMEHHBIX Aalllia-
PaTHBIX ¥ TPOTPAMMHBIX CPEACTB, O0ECIIeUuMBAIOIIUX pPeaJn3alinuio ajro-
PUTMOB UYHCJEHHOTO 3KCIEPUMEHTUPOBAHUA, OTJINYAIOINIUXCSA TOBBIIIEH-
HOM TOYHOCTBIO ITOJIyUYaeMbIX pPe3yJabTaToB. ¥YcrtaHoByeHo [10], uro Haubo-
Jiee TIOMIYJIIPHBIE IIPM MaTeMaTHYeCKOM MOJAeJHPOBAHUU SA3BIKM IPOTpaM-
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mupoBanus C/C++ coryiacHO cTaHIApPTy NPENOCTABJIAIOT TPU THUIIA C ILIa-
Baroirieii dansaroii: float, double u long double.

Tunser float u double npakTuuyecKku BCIOLy COOTBETCTBYIOT binary32
u binary64 crangapra IEEE 754. Tun long double meHee omHO3HaueH.
Hna x86/x86_64 B komnuasTopax GCC u Clang oH 1o yMOJYaHUIO COOT-
BercTByeT 80-OmTHOMY pacmupenHomy dopmary Intel x87. Ima Visual
Studio (maumnasa ¢ 32-6utubix Bepcuit) u ICC oH puaMIECKH COOTBETCTBY-
eT ToMYy »Ke Tuny uto u double, X0oTs JormuecKu sBJISETCA CAMOCTOATEhb-
HbIM TunoM (B Visual Studio mogmep:kka 80-0MTHOrO pacIIupPeHHOT0 TUIIA
nmpucyTcTBoBasia B 16-0utHbIX Bepcusx). Hias ICC mom Windows moikHO
BocmoJib3oBaThea uarom /Qlong-double, koTopriii mensier long double Ha
80-6uTub x87 (Tun 3anuMaeT 16 0aiT u3 cooOpakeHUil BRIPDABHUBAHUS).

Pasmep tuma long double B cmrpiciie sHauenus sizeof(long double)
niast 80-6urHoro THNa X87 TUMMUYHO He paBeH 10 GaliTam M3 coOOpaKeHU
BBIDABHUBAHUA — peajibHble 3HaUeHUA OOBLIYHO paBHBI 12 umam 16 Oair.
Hina GCC sro 3HaueHMe MOYKHO HM3MEHUTH COOTBETCTBYIOIUMU ONIMUAMU
KoMnuasanuu. HewmcmonabsyeMble GaliThl HPHU 5TOM HMMEIOT IIPOM3BOJIBLHBIE
3HAUEHU .

Ha mexoTopsix miatdopmax long double osmauaer binaryl28 mmbo
UCIIOJB3YyeT mapy 64-OUTHBIX AefCTBUTENBHBIX YHCEJ AJA JOCTHUKEHUS
106-0uTHOII TOUHOCTH, HO C AuanaszoHoM oOwuHoro double. Ha mHOrmx
miraTgopmax (B yacTHocTu X86/x86 64) GCC mo ymoJsiYaHUIO HOIAEPIKU-
BaeT (mpemocTaBjideT B KauecTBe pAaCIHIMPEHHUs) HeCTaHIapPTHBINA THII
__floatl128 (a Tax:ke _ float80). Peamusamnusa storo tuma (Ha apXuUTEKTY-
pax, He moaAep:kuBaloNuxX binaryl28) — mporpamMMHasi U, COOTBETCTBEH-
HO, «MenajdeHHasi». B Hexoropblix Bepcusax ICC ectsr mommep:kka 128-
OMTHOTrO THUIIA C IIJIaBalolell 3amsaToit _Quad.

BpIBOABI ¥ MEPCIIEKTUBHI JATbHEUIINX MCCIETOBAHUN

T.K. melicTBUTeJIbHBIE UMCJA — 3TO OECKOHEUHOEe MHOXKECTBO, B TO
BpeMs KaK WX MalllMHHas peajusallis YhcjJaMHU C IJIaBalolleil 3amsaToi
IIpeACcTaBasAeT cO00M KOHEUHOE MHOIKECTBO, TO IJIs CO3MaHUA KOPPEKTHBIX
IIporpaMM, a TaKiKe MUHUMUI3AIUU OIMNOOK BBIUMCJEHUH, BA)KHO IOHU-
MaThb OCOOEHHOCTU IIPeACTaBJIeHUA U XpaHeHud B IBM rpannuyHbIX 3Haue-
HUIN TaKUX YHUCeJI.

IIaa coBpeMeHHBIX ITH(POBBIX BBIUNCIUTEJIbHBIX CHCTEM OYEHb
Ba)KHOU ITPOOJIeMOIl SABJIAETCSA OTpPaHUYEHHAs pasMepHas CeTKa, HCIIOJIb-
gyemMas IJisi TpeICTaBIeHUA AAHHBIX. JTO, B CBOIO Oouepenb, MPUBOAUT K
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JOMOJHUTEJNIbHON TOTPEITHOCTH Pe3yJIbTaTOB BBLIUKCJIEHHUSA, KOTOpas MO-
JKeT OKal3aThbCsA COM3MEPHMOM C BEJINUYMHON MCXOMHBIX HAHHBIX.
IIpoBeneHHOE mCCIeIOBaHME TOKA3bIBAET BO3MOMKHOCTH COBPEMEH-
HBIX IIPOIIECCOPOB OOIIEero HasHAUYEeHUS WM KOMIIMJISATOPOB SI3BIKOB BBICOKO-
r0 YPOBHSA HOAAEP:KUBATH (DOPMATHI IIOBBIMIIEHHON TOYHOCTH MIJIS IOBBIIIIE-
HUA 9P PEeKTUBHOCTH MAaTEMAaTUIECKOT0 MOJEJIMPOBAHUA B I€JIOM.
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