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M.H. Berdnyk
MATHEMATIC MODEL OF AND METHOD FOR SOLVING THE DIRICHLET
HEAT-EXCHANGE PROBLEM FOR ONE-SHEET ROTARY HYPERBOLOID

Abstract. It is the first generalized 3D mathematical model developed for calculating tempera-
ture fields in the thin-wall one-sheet rotary hyperboloid, which rotates with constant angular
velocity around the axis 0Z, ; the model was created with the help of known equations of gener-
ating lines in cylindrical coordinate system with taking into account finite velocity of heat con-
ductivity and in the form of the Dirichlet boundary problem for the hyperbolic equation of heat
conduction under condition that heat-conduction properties of the body were constant, and no
internal sources of the heat were available. At initial moment of time, the body temperature was
constant; values of temperature on outside surfaces of the body were known and presented con-
tinuous function of coordinate.

The hyperbolic heat-conductivity equation was derived from the generalized energy transfer
equation for the moving element of continuous medium with taking into account finiteness of
the heat conductivity velocity.

In order to solve the boundary problem, the desired temperature field was represented as a com-
plex Fourier series. The obtained boundary problems for the Fourier coefficients were found with
the help of Laplace integral transformations and the new integral transformation for two-
dimensional finite space. Intrinsic values and intrinsic functions for the integral transformation
kernel were found by method of finite element and the Galerkin methods. Besides, the domain
was divided into simplex element.

As a result, the temperature field in the thin-wall one-sheet rotary hyperboloid was found in the
form of convergent series in Fourier functions.

Keywords: boundary problem, curvilinear integral, relaxation time.

Introduction. The use of hyperbolic surfaces in the construction
industry has become a great technical breakthrough. In [1], their most
important properties are summarized. First, they are pleasing to the human
eye. The lace-like skeleton of the tower on the basis of one-sheet rotary
hyperboloid, unusual configuration of the shell having the shape of hyperbolic
rotary paraboloid looks very nice and harmoniously fits into the surrounding
landscape. Secondly, geometrical properties of these surfaces justify their
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structural qualities. The possibility of creating a skeleton by straight beams is
the most important feature of structures on the basis of hyperbolic surfaces.
Thirdly, almost all surfaces, which are formed as a result of hyperbolic
surfaces intersecting with other surfaces, retain their properties: rigidity and
strength. For this reason, it is possible to combine different types of surfaces
in one structure.

Cooling towers of the similar shape made of metal or prefabricated
structural concrete reinforced in the direction of meridians and parallels are
widely used in nuclear power engineering, chemical and metallurgical
industry. Cooling towers made of fiberglass plastic are used in sugar mills,
factories for processing meat, fish, fruits and vegetables, milk plants,
breweries and other enterprises. Fiberglass plastic demonstrates good
resistance to high temperatures, ultraviolet irradiation and abrasion allowing
using the cooling towers even in the hardest operating conditions.

Practice of designing structures based on the hyperbolic surfaces
requires analysis of their thermal strength and thermal buckling

Overview of the latest researches and publications. Thus, it is
stated in [2] that conditions for reliability of calculations by finite element
method and finite difference method, which are used for calculating
nonstationary non-axis-symmetrical temperature fields of the rotating
cylinders, are described by the same characteristics and can be expressed in
the following way:

- 2050 anda L _Pdy,

Agp2 - Ap 2

If Pd =10°and corresponds to the angular velocity =1,671cex ' of
rotation of metal cylinder with radius 100 mm, then changes of A¢ and AF,
should comply with the following conditions:

Ap<2-10° and  AF,<2-107°

In case of uniformly cooled cylinder when Bi = 5, time period needed
for temperature to reach 90% of stationary state is equal to Fo=0.025 [2]. It
means that, within this period of time, at least 1.3-10% operations should be

fulfilled in order to reach the stationary temperature distribution.
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Moreover, it should be mentioned that it would be necessary to
make 3.14-10° calculations within one cycle of computation as the inside

state of the ring should be characterized by 3.14-10° points. It is obvious that
this number of calculations needed for getting a numerical result is
unrealistic.

Therefore, we will employ integral transformations for solving
boundary problems, which occur during mathematic modeling of 3D non-
stationary heat-exchange processes in the thin-wall one-sheet rotating
hyperboloid.

Objective of the work. As review of scientific literature shows, heat
exchange in the thin-walled one-sheet hyperboloids has not been studied
fully yet. The purpose of the work was to construct a new generalized 3D
mathematical model for calculating temperature fields in a thin-walled one-
sheet hyperboloid of rotation, which rotates at a constant angular velocity,
with the help of known equations of generating lines in a cylindrical
coordinate system with taking into account final rate of heat conductivity and
in the form of the Dirichlet boundary problem of mathematical physics for the
hyperbolic equation of heat conduction, and to find solutions for the obtained
boundary problem.

Presentation of the main research material. Let’s consider
calculation of temperature field in the thin-wall one-sheet rotary hyperboloid
(fig. 1), which is restricted by two end faces (at z=-c and z=c). Equations for
the generating lines in the cylindrical coordinate system (p, ¢, z)for the inside

and outside lateral surfaces are, correspondingly:
1

1
2)2 2)2
V4 V4
I"Zb(l-}-—zJ 5 r:bl[1+_2J , b1<b.
c C
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Figure 1 - The thin-wall one-sheet rotary hyperboloid with generating lines
r=¢(z),r=¢(z)

The hyperboloid rotates with constant angular velocity @ around the
axis OZ, and heat-conduction velocity is known. The heat-conduction
properties of the body do not depend on temperature, and no internal sources
of the heat are available. At initial moment of time, the body temperature is
constant G, and values of temperature on outside and inside lateral surfaces
of the body ¥V (p,z) and V;(p,z) . correspondingly, are known. On the end
faces, values of temperature G(r,p) and G,(r,p) at z=-c and z=c,
correspondingly, are known.

In the [2], a generalized heat-transfer equation is presented for the
moving element of solid medium with taking into account finiteness of the
heat-conduction velocity value. According to [2], a generalized equation for
the energy balance of a solid body, which rotates with constant angular
velocity @ around axis OZ, and whose heat-transfer properties do not depend
on temperature, and no internal sources of the heat are available, can be
written in the following way:

oT  oT o’r T o’T 16T 1 8°T o°T
ye,a—+o—+r1, +o =1 +——F——+ )
ot Op orr 0ot ot ror y?opr oz’

where y—is density of the medium; ¢ is specific heat capacity; A is heat

conductivity coefficient; T(r,go,z,t) is temperature of the medium; t is time;
7,.is relaxation time.

Mathematically, the problem of defining cylinder temperature field
consists of integration of differential equation of heat conduction (1) into
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domains D ={(r,¢.z1)lre(61(2),6(2) 0 €(0.27) 2 (0,h) t € (0,0) },  which,
with taking into consideration the accepted assumptions, can be written as:

00, 00, 20, % [ 100 13 20|
ot o9 e T ogot o ror ;o oz’ (2)

for initial conditions

9(,,’ o, Z’()) =0, M =0
ot (3)
and for boundary conditions
e(gl (z),go,z,t)=‘1’(¢),z), H(g(z)v (D’Z’t):G((an)’ (4)
G(r,(o,O,t) = @(r,(p), G(r, o, h, t) = A(r, (p), (5)
T\p,p,2,t)-G
where 0= ( =Gy -is relative temperature of the body; 4= - is
Tmax —Go Ct V7
heat conductivity coefficient; Tmax = max{V(p,z), V1(9,z), G,(r,p), G5(r,0)};
r,p,z
h=2c;

C c

1 1
2, 2\,
G(z)=b[1+—(z+2c) J2_ c1(2)=b (1+—(Z+ZC) jé

G(p.2).0(p.p). Alp.p) e C(0.27).
In this case, solution of the boundary problem (2)-(5) 6(r,p,z,t) is

twice continuously differentiated by r and¢, z, once - by t in the domain D
and continuous on theD [3], i.e. 6(r,¢,z,¢)e C*(D)NC(D). and functions
G(p,z), ¥Y(p,2),0(r,9), Ar,p), 0(r,p,z t) can be decomposed into the Fourier

complex series [3]:

Q(r,go,z,t) 0, (r,z,t)
Glpz) |, | Gal2)
¥(pz) 1= X ¥aulz) [-expling)
e oo , (6)
o(r,p) 0,(r)
Alr,p) A, (r)
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0, (r,z,t) G(r,(p,z t)
G,(2) |2 Glp.z)
¥,(z) =511 ¥e2) -exp(-ing)dg;
©,(r) O 6(r.e)
A, (r) Alr,p)

0,(r,2,0)=0W(r,2,0) +i0(p, 2,1} G,(z)=6W(z)+icP ()

¥, (2)=90(2)+ 0P} 0, () =00 (r)+ P () A, ()= AD(r)+ i) ().

In view of the fact that (r,p,z,t) is a real-valued function, let’s
confine ourselves by considering only 6,(r,z,¢) for n=0,1,2,..., because
0,(r,z,t)and 0_,(r,z,t) 6_,(r,=1) are complexly conjugate [3].

By putting values of functions from (6) into (2)-(5) we can receive the
following system of differential equations:

@0 2¢0) . aolm) () @ 2 . 52el)
00 , g g, PO, grot)_ [0 100 o), 20
ot ot ot o2 ror g 0z (7)

for initial conditions

. (D) () »
0\)(r,2,0)=0, %t,,o) =0 (8)
and for boundary conditions
0\ (e (2).2.0)=91(z)  0l)(c(2).2.0)=GI(2) ©)
00(r0,0)=00(), ol )(r,l,t) AD (), (10)

where 19,9) = —n; 19,3 =wn; m; =2, m, =1; i=1,2.
In order to solve the boundary problems (7)-(10), let’s apply the
following integral transformation

f(#n,k):”¢(raznun,k)'r'f(7’,2)d0'
P (11)

where 4(x, y, Kok ). Uy —are intrinsic functions and intrinsic values.
Classical problem of the intrinsic functions and intrinsic values are
formulated as a problem of defining values for numerical parameters (intrinsic

values) 4,, and functions (intrinsic functions) ¢(x,y,ﬂn,k), which are
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identically not equal to zZero in the domain
2={(x,»)| y€(0,), x € ((2),5()) } and satisfy the equation:

2 2 2
;—f%%—i—z +ﬂn,k-¢+2y—f=0 (12)
and additional conditions

Hx0, 14 )=0, Pl gy i )=0, (13)
a1 (2,205 )=0,  #l6(2),9, 41,4 )=0, (14)

where ¢(x,y,u,)c C*(E)={u(x,y)e C(E):0,u(x,y)e C(B), Va, |a|< 2}
0 qu(x,y)= M |a |= a; +a, —is multiindex, components of

ox oxy”

which are whole integral numbers.
Let’s find intrinsic values u,,and intrinsic functions ¢(x,y,#n,k ) by

solving problems (12)-(14) with the help of finite element method and the
Galerkin method. To this end, let’s divide the domains into simplex elements

(fig. 2):
3 (¥3,¥3)

5 2 (xay3)
1 (¥154) \
x 7

Figure 2 - Triangular element of the first order

Then, function ¢(x, y) inside the simplex element is expressed through
the shape functions of the N,,N,,N;with the known values of the ¢, ¢,, ¢
in the vertex of the triangle:

B.(x.y) = Nigh + Noghy + N3y =[N, ] {4, } (15)

Where [N,]=[N;,N,,N31" 516, } = {#.4,.4;}" inferior index (e) means

free simplex element.
For the i-node (i = 1, 2, 3), shape functions have the following forms:
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1
N;(x,y)= E(ai +hix+c;y)

where d =X,y3=X3¥5 + X301 =X ¥3+ X1y =Xy 5 G =XV~ XYy 5 b=y = Vi
¢; =Xy —X;; 1, j,k are sequent numbering of the simplex-element nodes at
counterclockwise tracing
Let’s put the approximate solution (15) into equation (12) and, as a re-
sult, obtain the following equation:
[ o’ 10 @
—t—

ox? x@x 8y X

2
j[N] {¢e}+{;un__j N] {¢e} 0 (16)

Multiplying of the left side of the equation (16) by shape function
[N,] and integrating by element e will give:
I +1; = {0}
where
2 2 n2
- v, [8 +12 j J (N1 drdyig, i 1> = H[ j [NV, 1 dsdyig,}

By 1ntegrat1ng I, along the x and y, we receive
Il = 13 - 14

[ ] a[Ne]T
[J [N,] dy + j [N,] P dx]{m

L= 1] a[N]a[N] a[Ne]a[Ne]T_[Ne]a[Ne]T
4 O ox oy oy X ox

}dxdy{% b

By taking into account the identical relation:

0 0 0 0 0
IW8_¢ y+fy/—¢dx=jy/(—¢dy+—¢dszjw—¢dr
rooOx o Oy o\ Ox oy r on

we receive:

~ o[N,1"
I —[ I[E[Ne] . dr}wﬁe}

where 0/0n is outer normal derivative; L— dI'is boundary curvilinear integral.

Summing of all elements will give us:
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2
Z{ f v 2L ]m} 3] [un j[zv IOV vy} -
e|r

o[N,]10[N,]" O[N,10[N,]" [N.]O[N,]"
Z”{ " - ox
e Q

. > oy . }dxdy{%} =10}

(17)

By multiplying the augend by the expression {4, }{#, }* we receive:

Iy =Y.} [I[N]a[“ ]{qﬁe}=z{J({%}T[Ne])-a([Ne;Z{f’je})dr}

eI
_ 09,
At

Therefore, with taking into consideration the Dirichlet boundary condition,

the augend in (17) can be neglected. In this case, the (17) takes the following

form:

[K1+ pyy -[M1= {0} (18)

Where

ox oy oy X ox

{”([ P8 78 G S a8 L C 8 R P

2

- Z—ZJJ AN I T dxdy}cbe :
ZIJ [N IN T dxay - g, }.

Therefore, intrinsic functions ¢(x, v, ,Un,k) and intrinsic values My Can

be found from (18), and formula of inverse transformation takes the following

form:

(pazs/un,j) f_.(/u )
n,j

Let’s employ the integral transformation (11) for the system of differ-

f(p. )z 19

ential equations (7), and, as a result, we receive the following system of ordi-
nary differential equations:

ISSN 1562-9945 (Print) 31
ISSN 2707-7977 (Online)



«CucremHi Texsouorii» 1 (126) 2020 «System technologies»

a6y ol ey ag™ | a*el) 7()
7+.9n lﬁn R R T2 =Q M, .0 (20)

for initial conditions
agn(l) (:un,k > t)

gn(i)<:un,k>t): 0, o =0 (21)
where
. h a , , l a s ’ l
af) = f[ae Q9. o) o) QD) 500,
0 op op
- §p(¢9(i) aQ(ﬂn’k ’ppz)jdp; i=1,2.
L " 82

The curvilinear integral is calculated by the closed positively-oriented
contour ABCD (fig. 3)

A
z
D C
' =:‘1L‘J/ /
| |7= ¢(z)
) B g

Figure 3 - Close contour with generating lines 7 =¢;(2), r = ¢(z)

Let’s employ the Laplace integral transformation [5] for the system of
differential equations (20) with conditions (21):

7(s)- I 7(c)e" dr

As a result, we receive the following system of equations:

. . ~ ~ =~/. ﬁ(i) ~/(.
() +,9(’)( (m) +r,s9n(’"f))+ Trszé’n(l)zqn’k[ Lk —9(’)J 22)

It

)

Sn n

n,k

where
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~ i R 0 no > iU 0 no > ~ i
ol = | {gl (=) 20l 1 D) G0(o) - g(z) . 212, G,S)(z)]dz—
5 0 0 6,0
~ 8 s [
§p(9n(’) Ol Z)Jdp; Gk =5 Hppii=12.
7 0z O R2Z2TT
Having solved the system of equations (20) we receive:
=(;) ﬁg)k(rrsz +S5+qux |+ ) (1) wn Q( )(1+sr )
0N =a,, — : (23)

2

(rrsz +5+qnk ) +w’n? (l+srr)2
a .

where @, ZE; i=12.

By applying the Laplace formula of inverse transformation [5] for the
expression of function (23), we receive the following original functions:

011 4.)= i:n,k(s, UL, Hez,s; +1)+zoni e B2 (s, ),
e 1) 3 Sy J (s, M lar,s; +1)-zrami]+ 8CL(s, 4, et 1),

0.2t 1) zgnk( } 26, Merys, +1)+ gy oni]-al) (s, ) §

e 1) 3 z3gn,k(sj 1 60) (s, fozs; +1)- g ami]-80, (s, )1, fet ' 1),

where K; =7,@n - (22's +1)1 [, =7.0n— (22'3 +1)1

0.557 a4
Sk (S J ): ( .and values of s; for j=1,2,3,4 are determined

2r,.5; + 1)2 + (Tra)n)2

by the following formulas:

(Tra)ni - l)i \/(1 + rra)ni)2 — 47,401

S1,2 = 2z, ’
(Tra)ni + l)i \/(l - Tra)ni)2 - 4Trqn,k
534 7 2T '

r

By this way, and by taking into account formulas of inverse transfor-
mation (6) and (19), we receive a temperature field of the thin-wall one-sheet
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rotary hyperboloid, which rotates with constant angular velocity ¢ around
the axis OZ, with taking into account finite velocity of the heat conductivity:

H(F’w’z’t): JFZOZO i [gn(l)(ﬂn,k,f)+l'gn(z)(,un’k,t)] Q(#”’k’r’z)

exp(ing)
n=—oo | k=l HQ (ﬂn,k AN }‘2

where values of 8M(u, ;.¢)i8*(u, s.:) are determined by the formulas (24),(25).

Conclusions. It is the first mathematical model developed for calcu-
lating temperature fields in the thin-wall one-sheet rotary hyperboloid, which
rotates, with taking into account finite velocity of the heat conductivity; the
model is created in the form of boundary problem of mathematical physics for
hyperbolic equations of heat conductivity with the Dirichlet boundary condi-
tions. An integral transformation was formulated for the two-dimensional fi-
nite space, with the help of which a temperature fields in the thin-wall one-
sheet rotary hyperboloid was found by the Fourier functions in the form of
convergent series by the Fourier function.

The obtained solution of the generalized boundary problem can be
used for modelling temperature fields in the cooling towers of the similar
shape, which are made of metal or prefabricated structural concrete and are
widely used in nuclear power engineering, chemical and metallurgical indus-
try as well as in cooling towers made of fiberglass plastic used in sugar mills,
factories for processing meat, fish, fruits and vegetables, milk plants, brewer-
ies and other enterprises.

JIITEPATYPA / JIUTEPATYPA
1. AxmerssHoB P.U., Jlanuenko JI.B., Peibankuua P.M. T'eomeTpuueckue u
KOHCTPYKTUBHbIE OCOOEHHOCTM TUIIepPOOJIOUAHBIX KOHCTPYKIMit // V3BecTust
Ka3aHCKOTo rocy1apCTBEHHOTO apXUTEKTYPHO-CTPOUTE/IbHOT'O YHUBEPCUTETA.
- 2014. - N2 4. - C. 59-64.
2. Thematic model of and method for solving the neumann generalized heat-
exchange problem for a cylinder with homogeneous lay-ers / M. H. Berdnyk //
Power Engineering and Information Technologies in Technical Objects Con-
trols: Taylor & Francis Group, London. — 2016. — pp. 53-59.
3. MapxkoBuu b. M. PiBHsSIHHST maTeMaTuyHoi (isukyu / MapkoBuu b. M. -
JIbBiB: BumaBHUIITBO JIbBiBChKOI MojiTexHiku. - 2010. - 384 c.

34 SSN 1562-9945 (Print)

ISSN 2707-7977 (Online)



«CucteMHi TexHosorii» 1 (126) 2020 «System technologies»

4. Berdnyk M. The mathematic model and method for solving the dirichlet
heat- exchange problem for empty isotropic rotary body / M. Berdnyk // Non-
Traditional Technologies in the Mining Industry. Solid State Phenomena Vol.
277 — Trans Tech Publications, Switzerland- 2018 - pp 168-177.
5. Jlonymancbka I.II. TleperBopenHss ®yp'e, Jlaraca: ysarajJbHeHHSI Ta
3actocyBaHHsa /I.II. JlomymaHcbka, A.O., JlonymaHcbkuii, O.M. M"gayc. -
JIbBiB.: JIHY im. IBana ®panka -2014. -152 c.

REFERENCES
1. Ahmetzjanov R.I., Danchenko L.V., Rybalkina R.I. Geometricheskie i kon-
struktivnye osobennosti giperboloidnyh konstrukcij // Izvestija Kazanskogo
gosudarstvennogo arhitekturno-stroitel'nogo universiteta. — 2014. - N2 4. - S.
59-64.
2. Berdnyk M.H. Thematic model of and method for solving the neumann gen-
eralized heat-exchange problem for a cylinder with homogeneous layers / M.
H. Berdnyk // Power Engineering and Information Technologies in Technical
Objects Controls: Taylor & Francis Group, London. — 2016. — pp. 53-59.
3. Markovych B. M. Rivnjannja matematychnoi' fizyky / Markovych B. M. -
L'viv: Vydavnyctvo L'vivs'koi' politehniky. - 2010. - 384 c.
4. Berdnyk M. The mathematic model and method for solving the dirichlet
heat- exchange problem for empty isotropic rotary body / M. Berdnyk // Non-
Traditional Technologies in the Mining Industry. Solid State Phenomena Vol.
277 — Trans Tech Publications, Switzerland— 2018 - pp 168-177.
5. Lopushans'ka G.P. Peretvorennja Fur'je, Laplasa: uzagal nennja ta zastosu-
vannja /G.P. Lopushans'ka, A.O., Lopushans'kyj, O.M. M"jaus. - L'viv.: LNU im.
Ivana Franka -2014. -152 s.

Received 10.01.2020.
Accepted 15.01.2020.

MamemamuyHa modens i Memod piwleHHA y3azanbHeHoi 3adayi [ipixne
mennoobmiHy 00HONOPOXXHUHHO20 2inepbosnoida obepmaHHa

Bnepuwe nobydosaHa mamemamu4Ha mModenb PO3PAXYHKY NOJi8 memnepamypu y mMOHKO-
CMiHHOMY O0OHONOPOXHUHHOMY 2inep6010idi 06epMaHHs 3 ypaxysBaHHAM KiHUeBOi wBeudKocmi
nowupeHHs menna, akuii obepmaemscs, y 8U2nA01 Kpatiosoi 3a0ayi MamemamuyHoi izuxu 014
2inep60iyHO20 PIBHAHHA MenaonposioHocmi 3 2paHudyHumu ymosamu Jipixne. [lobydosaHe
1HmMe2panbHe nepemsopeHHs 014 0B0BUMIPHO20 KIHLEB020 NPpOCmMopy, 13 3aCMOCYBAHHAM AK020
3HalideHO memnepamypHe nosie y MOHKOCMIHHOMY OOHONOPOXHUHHOMY 2inep6o0idi obep-
MaHHA y 8U21A01 361KHUX psAOiB no yHKyiam Qyp’e.
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Mamemamuyeckas modenb u Memod peweHus 06o6weHHol 3a0ayu Jupuxne
mens006mMeHa 00HON0/I0CMHO20 2unepbonouda spaujeHus

Bnepsbie nocmpoeHa mamemamuyeckas modess pacdema nosell memnepamypsl 8 8pa-
warouemcs moHKOCMeHHOM 00HONOMIOCMHOM 2unepbosioude BpaWeHUs C y4emoM KOHeyHol
CKopocmu pacnpocmpaHeHus mensia 8 sude Kpaesol 3adayu mamemamuyeckol puauku 0ns
2unepbouYecK020 YpasHeHUs menjonposooHOCMU C 2paHuyHbIiMu ycaosuamu [upuxne. [lo-
CMPOeHHO UHMe2panbHoe npeobpazosaHue 015 0BYMEPHO20 KOHeYHO20 NPOCMPAaHcmaa, ¢ npu-
MeHeHUeM Komopo2o HaudeHO memnepamypHoe noje 8 MOHKOCMeHHOU O00HONONOCMHOM 2u-
nepb6osioude BpaujeHus 8 sude cxo0aUUXCca paodos no yHkyuam Pypee.

Bepauuk Muxamn I'eHHagbeBU4 - [OLIEHT Kadedpbl IPOrpaMMHOI0 obec-
revyeHuss KOMIbIOTEPHBIX cucTeM, HallMOHaNbHBIN TeXHUYECKUI YHUBEPCU-
TeT «J[HeIpOBCKas MOJIUTEXHUKA».

Bepauuk Muxaitino 'eHHagiiioBuyu - 1oieHT Kadeapu IMIpPorpaMHOro 3abes-
TeYeHHS KOMIT'IOTepHUX cucteM, HallioOHaJIbHUIT TEeXHIYHMIT YHIBEPCUTET
«JITHITIPOBCHKA MOJIITEXHIKAY.
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