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DEVELOPMENT OF PARALLEL STRUCTURES OF DIFFERENTIAL
TASKS OF MATHEMATICAL PHYSICS

The paper is devoted to the construction of parallel forms of mathematical models of a tridiago-
nal structure. Two methods of discretization of differential problems are considered by the ex-
ample of solving the mathematical physics equation. Moreover, the application of the numerical-
analytical straight line method and sweep methods to parallelization of mathematical models
with a tridiagonal structure allows constructing its exact node-by-node solutions with the maxi-
mum parallel form and the least implementation time on parallel computing devices. This paper
proposes to apply finite-difference and numerical-analytical methods in combination with the
splitting method as a methodological basis for constructing numerical methods for solving such
problems. The splitting method provides an economical and sustainable implementation of nu-
merical models by the scalar sweep method. For such systems, acceptable acceleration in most
cases is achieved by parallelizing operations in the corresponding sequential method, forming
linear sections.

It is convenient to implement the parallelization algorithm and its mapping to parallel comput-
ing systems on the two schemes proposed in this paper: finite-difference and numerical-
analytical. This approach allows arranging separate determination of the thermophysical charac-
teristics of the structures” material, i.e. allows obtaining solutions of coefficient and other in-
verse problems of thermal conductivity.

The proposed approach to the development of methods, algorithms and software can be applied
in various branches of metallurgical thermal physics, economics, as well as for environmental
problems of the metallurgical industry.

Keywords: multiprocessor computing systems, mathematical models, parallel forms, thermal
modes, sweep method, numerical-analytical method, tridiagonal structure

Introduction. A theoretical study of the process of heat and mass
transfer is largely based on their numerical simulation using modern com-
puter technology. However, with parallel computing tools development, fun-

damental problems disappear in a potentially infinite increase in their peak
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performance. Parallel computing systems are developing very fast, and with
the advent of computing clusters, parallel computing has become available.

To build such systems, as a rule, there is used mass processors, stan-
dard network technologies, and freely distributed software [1- 3]. It is these
circumstances that allowed solving the so-called large problems of metallur-
gical thermophysics [4-6]. In metallurgical production, one faces many diverse
and interconnected processes. Most of these processes (heat and mass trans-
fer, hydrodynamic processes in melts, as well as a change in the state of sub-
stance aggregation, deformation phenomena under force and thermal loads,
etc.) can be described on the basis of differential equations of continuum me-
chanics that reflect objective laws of the mass, momentum and energy con-
servation.

In mathematical terms, these are systems of multidimensional nonlin-
ear differential equations, which along with the laws of chemistry and ther-
modynamics describe interrelated processes, as well as their interaction [7-9].

Modern computational methods and modern computers allow these
days to carry out detailed parametric studies of mathematical models of very
complex physical processes, or, as they often say, to conduct the so-called
computational experiment.

Analysis of recent research and publications. Recently, in the the-
ory and practice of studying various heat transfer processes, in thermal design
and simulation of the thermal regimes of technical systems, a new direction of
research has been intensively developing, based on principles of solving in-
verse heat transfer problems [10-13]. These methods were especially widely
used in the experimental study of unsteady thermal processes accompanying
the operation of heat-loaded aggregates and systems of space and descent air-
craft, launch carriers, and various heat engines; in determining the thermo-
physical characteristics of materials, building and adjusting mathematical
thermal models of technical systems and in a number of other cases.

We note that at present the inverse problems of metallurgical thermo-
physics are formulated from the cause-effect relationships’ point of view.
Bringing them to extreme settings allows defining their solutions as optimal

control problems. After defining direct mathematical models and introducing
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the functional into the model according to the residual principle, the desired
solution to various inverse problems is characterized only by unknown control
parameters.

The usual results of a thermophysical experiment are now processed
with respect to the requirements of statistics and the theory of scientific de-
sign of the experiment, since these results are statistical values. Currently, a
simplified method for solving inverse problems of thermodynamics for non-
stationary modes has been developed, which minimizes the functional for
solving direct problems with minimizing many variables function. It is this
circumstance that allows unifying the developed algorithms with regard to the
causal characteristics of heat transfer processes and environmental dynamics
in the problems of metallurgical thermophysics of ecology. To a large extent,
this contributes to the integration of individual inverse problems solutions in
the form of a set of programs.

The aim of the research is to construct the most parallel forms of
mathematical models of a tridiagonal structure. The application of the nu-
merical and analytical direct method and sweep methods for such systems
parallelizing allow designing its solutions having the maximum parallel form
and, therefore, the least time for its implementation on parallel computing
devices.

The proposed approach to the development of methods, algorithms
and programs is original and can be applied in various branches of metallurgi-
cal thermophysics, as well as environmental problems of the metallurgical in-
dustry.

Key research findings. Numerical simulation of heat and mass trans-
fer processes is becoming increasingly important as modern science and tech-
nology require data on such processes, which experimental study in laboratory
or field conditions is quite difficult and expensive, and in some cases simply
impossible. This paper proposes application of finite-difference and numeri-
cal-analytical methods in combination with the splitting method as a meth-
odological basis for constructing numerical methods for solving such prob-
lems. The splitting method provides with an economical and sustainable im-

plementation of numerical models by the scalar sweep method. For such sys-
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tems, acceptable acceleration in most cases is achieved by parallelizing opera-
tions in the corresponding sequential method, forming linear sections.

The adoption, as a methodological basis for differential problems dis-
cretization for difference splitting schemes of multidimensional spatial prob-
lems of the theory of heat and mass transfer, first of all, provides an economi-
cal and stable implementation of numerical models by the scalar sweeps
method related to problems of linear algebra [10, 11]. And, secondly, it is
known that the greatest effect of a parallel processor is achieved when it is
used to perform linear algebra matrix computations [10].

Let us consider two methods of differential problems discretization by
the example of solving the simplest scalar equation of mathematical physics:

oY o°Y

E a?, .X'E[xo,xl],tE[l‘O,T] (1)
with initial
Y1r=z[, - YO(.X‘)
(2)

and boundary conditions of the first kind

Y

lx=x

=YW ()Y, = YL()- (3)

The definition domain of the desired function is comparable to the net

domain

t =J.D,J=1LM,DA=T/M,MeZ ,
X, =p-Dxl, p=0.2m, Dxl=(x,_x,)/2m, L€ /. @
The simplest implicit time scheme and central differences along the x

coordinate lead to systems of linear algebraic equations (SLAE):.

CPYP+1=1 - YP=1 + DPYP—LI =Jp 1 P= 12m—1, )

wherein
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A a

C, =D,=—— A=—_Dtl,
g * (1+24) Dx1?
YO
pr - L
(1+24)

(6)

In algorithm (5), (6) v,, =Yw(,). v,,, =YL(,) are the known boundary
functions, vo,, is the initial vector function.

The SLAE (5) has a tridiagonal structure, and its solution is quite sim-

ply implemented recursively using direct sweep equations:
Cp _ DpCp, — pr ,

T 1_DPEP—1 } T I_DPEP—I

(7
wherein
E=0 G,=Y,=17(,) (8)
which ensures its start.
Inverse sweep equation:
Yo, =E Yo +Gps Y, =YL(t,) o

is realized by index p from p=2m-1top=1.
This problem solution by the direct method also leads to SLAE (5), but

with a different functional content:

CP: Si‘?ﬁ(l) = Dp »
Snp(2)

* * *
.fp_.l = CPYP+1,1 - YP_.l + DPYP—I,I »

(10)
wherein Y., (¢, = 0,£1) are particular solutions of the inhomogeneous equa-
tion:

: 1 1
Y 1 - KYP+EX_1 (‘9)( ) = 7KYOP+EX_1 (SX )
(11)
Note that here:
40
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g =% e[-1,+1]
Xpg —Xp (12)

is the normalized spatial variable, « = are the roots of the character-

istic equation.
B =0
A (13)
The a priori information used in this case is a proposal for a
piecewise - analytical dependence of the desired solution with respect to the
spatial variable. Since the concretization of the form of a particular solution

Y're, (6¢) 1S inevitably associated with specific form of initial functions

YO,.,, (sx) (11), when taking a quadratic dependence for them:.

YO,., (6x)=YO0,, + £,YO,, +5.YO0,, »

P

(14)
wherein
1
YOP; - 5 (YOP+L1 - YOP—LI)
1
YOPJ = E(YOPHJ - YOP—]J -2YO 1::2)
(15)

we see that the constructed solution becomes piecewise analytic on the entire
set of p-nodes of the grid domain. The construction of particular solutions
under this assumption is realized quite simply by standard methods.
Implementing the sweep algorithm by formulas (7) - (9), the solution
of SLAE in the proposed formulation (10) - (15) allows defining values of net

functions v,, in explicit form only as functions of a net node.

The above two schemes: finite-difference (5), (6) and numerical-
analytical (5), (10) - (15) allows convenient implementation of an algorithm
for parallelization and mapping onto parallel computing systems. In addition,
this approach allows separate determination of the thermophysical character-
istics of the structures’ material, i.e. provides solutions to coefficient- and

other inverse problems.
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Conclusions and prospects for further research. The approach pro-
posed in this paper for constructing parallel forms of mathematical models of
a tridiagonal structure in the development of methods, algorithms, and pro-
grams is original and can be used in various branches of metallurgical ther-
mophysics, as well as environmental problems of the metallurgical industry.

Moreover, the adoption as a methodological basis for discretization of
multidimensional differential problems of split separation schemes, first of
all, provides an economical and stable implementation of numerical models
by the scalar sweeps method, and secondly, it is known that the greatest effect
from a parallel processor is achieved when it is applied to perform matrix
computations of linear algebra.

The application of the numerical-analytical method of straight lines
and sweep methods to parallelizing SLAE of a tridiagonal structure allows
constricting its exact node-by-node solutions having the maximum parallel
form and, hence, the least time for its implementation on parallel computing
devices.

Further research should be aimed at studying the topology of the net
areas. This will lead to parallelization of SLAE by permutations based on the
“odd-even” reduction algorithm.
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Po3pobka napanensHux cmpykmyp dugpepeHyiansHux 3a0ay mamemamuyHoi ¢izuxu
TeopemuyHe 0OCNIOKeHHS Npoyecis mensio - 1 MaGcooOMiHy 3HAYHOK MipoK 6A3yeEMbCA HA
ix yucenbHoMy MOOEMOBAHHI 3 BUKOPUCMAHHAM CYy4aCHUX 3ac00i8 064UCMOBANILHOT MeEXHIKU.
[Tlpome 3 po3sumkomM napanesnbHUx 3acobi8 06YUCTIOBANLHOT MEXHIKU 3HUKAOMb NPUHYUNOBT
npobsemu 8 NnomeHyiliHO HeCKiHYeHHOMY 301/bLWeHHT iX nikosoi npodykmusHocmi. [na nobydo-
8U MAKUX cucmem, K NPaBUJIO, BUKOPUCMOBYEMbLCA MACOBI NPOYeCcopu, CMaHOapmHi mepexesi
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mexHo/1021i (i BI/IbHO NOWUPOBAHe npoepamHe 3ab6e3neyeHHs. Came yi obcmasuHu i 0o380aUNU
pO38°A3yBamu makK 38aHi BeJIUKI 3a0a4l  MemanypziliHoi mennogu3uku.

Poboma npucss4YeHa KOHCMPYIOBAHHIO NApanesbHUx ¢opMm mamemamuyHux mooeseli
mpbox0ig2oHanbHoi cmpykmypu. KnacuyHi memoou po3s’A3Ky mamemamuyqHux Mmodenel
mpb0oX01a20HANLHOT CMPYKMYPU NPpU BUKOPUCMAHHT 6a2amonpoyecopHux 064uc0BaIbHUX CUC-
mem 06po6/AlOMbLCA, AK NPABUIO, HAGA2AMO NOBIbHIWeE, HIX Npu  3aGCMOCYBAHHT
00HONPOUECOPHOT 06YUCTIOBANLHOT MexHIKU. Ll 06cmasuHa NOACHAMbBCA peKypeHmHUM
nioxodom, sKuli noknadeHuli 8 OCHOBY KAACUYHUX Memo0iB. B 38'A3Ky 3 UM OCHOBHA mMema Uiel
pobomu nosiseae 8 KOHCMPYIOBAHHA MAKCUMA/ILHO NAPANesbHUX opM npu MOOMOBAHHT BKA3A-
Ho2o0 knacy 3aday. Ha 3anponoHosaHux 8 yiti pobomi cxemax 3py4HO peanizysamu an2opumm
po3napanentoBaHHs ma tio2o BI006PpaXXeHHS HA NapanebHi 00YUCTIOBAIbHT CUCMEMU.

Takuli  nioxi0 003BO/MIAE  OpP2AHI3yBAMU  MOXIUBICMb  PO30i/IbHO20  BU3HAYEHHs
menniogi3udHUX Xapakmepucmuk mamepiany KOHCmMpykyil, mobmo 00380/4€ ompumamu
pO38’A30K KOoegiyieHmHuUx ma iH. obepHeHux 3a0ay menaonposioHocmi. B pobomi po32nsHymo
08a cnocobu duckpemu3ayii piBHAHL MamemamuyHoi ¢izuku. lpu ybomy 3acmocyBaHHs Yucio-
8O- AHANNTMUYHO20 MeMOOY NpAMUX 1 MemodiB NPO2OHKU 00 PO3NapanestoBaAHHS MameMamuyHuUx
modenel, wWo Mmaloms MpboX0ia20HANbHY CMpPyKmMypy, O003B0JIAE€ KOHCMpyBamu ii moyHi
NoBY3/1081 PillEHHS, W0 MAMb MAKCUMAJIbHY NAPAAEabHY Gopmy ( MIHIMANbHUU MOXAUBUL YaC
peanizayii Ha napanenbHUX 064UCTI0BANLHUX NPUCMPOSX.

3anponoHosaHuli nioxid npu po3pobyi Memodis, anzopummis i NPO2PAMHUX 3aC00TB MOXeE
6ymu BUKOPUCMAHUM B PI3HUX 2a/y35X MemanypeiliHoi mennoQu3uKu, eKOHOMIKU, a MAKOX 3a-
dayax exkosoeii memasnypailtiHoi npomMuci080CmI.

Development of parallel structures of differential tasks of mathematical physics

The paper is devoted to the construction of parallel forms of mathematical models of a
tridiagonal structure. This paper considers two methods of discretization of differential prob-
lems on the example of solving the mathematical physics equation. Moreover, the application of
the numerical-analytical straight-line method and sweep methods for parallelization of mathe-
matical models with a three-diagonal structure allows constructing its exact node-by-node solu-
tions having the most parallel form and the least implementation time on parallel computing
devices. The proposed approach for the development of methods, algorithms, and software can
be applied in various branches of metallurgical thermal physics, economics, as well as environ-
mental problems of the metallurgical industry.

IlIBaunu l'enHagwuit I'puropbeBuu - A.T.H., Ipodeccop, 3aBeayOlInii Ka-
denpoit MpuUKIaOHOVM MaTeMaTUKM U BbIYMCIUTENbHON TeXHMUKM, Haimo-
HaJIbHAsl MeTaJ/ulypruueckas akageMusi Y KpauHbl.

KoHoBasieHkoB Bnagumup CrenmaHOBUY — K.T.H., JOIIEHT, MOLeHT Kadeapi
MPUKIAIHOM MaTeMaTUKU U BbIUMCIUTEIbHON TeXHUKM, HallMoHasibHas Me-
TaJJIypruyeckas akagemMmmus YKpauHbl.

NBamenko Enena BanepbeBHa - cTapiuii mpernogaBaTenb Kadeapbl IIpu-
KJIaJHOM MaTeMaTUKU M BBIUMCIAMTENbHOM TeXHMKM, HalnyoHanibHass MeTaa-
Jypruyeckas akageMmus YKpauHbl.
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Cymiko Jlapuca ®emopoBHa - CTapiiuii mpernonaBaTeib Kadeapbl BbICIIei
MaTteMaTuku U GuU3UKM  JITHEeMpOBCKOTO TOCYJapCTBEHHOIO — arpapHo-
SKOHOMMYECKOT'O YHUBEPCUTETA.

IlIBaunu TI'ennagiii 'puropoBuu - 1A.T.H., mpodecop, 3aBigyBau Kadempu
MIPUKIAIHOI MaTeMaTUKM Ta OOUMCIIOBAIbHOI TexHikM, HallioHanbHa meTa-
JypriviHa akagemiss YKpaiHu..

KonoBaneHkoB Bomogumup CrenaHOBUY — K.T.H., IOLIEHT, AOIeHT Kade-
pU TIPUKJIATHOI MaTeMaTUKM Ta 0OUMC/IIOBa/IbHOI TexHiKM, HallioHasbHa Me-
TanayprifiHa akageMis YKpaiHu.

IBamenko OsieHa BanepiiBHa - crapmnit Bukiaamad Kadenpu mpuUKIagHOI
MaTeMaTUKM Ta OOUMCIIOBaAbHOI TexHiku, HallioHasbHa MeTamypriiiHa
akagemisi YKpaiHu.

Cymiko Jlapuca ®epopiBHa - crapuinii BUKIagau kadgeapyu BUILOI MaTema-
TUKM Ta Gi3uku [JHIMIPOBCHKOTO JepskaBHOTO arpapHO-eKOHOMiUHOTO YHiBep-
CUTETY.
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